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De meeste hoofdstukken staan min of meer op zichzelf; alleen de
hoofdstukken 4,5 en 6 hangen sterk samen. De meeste hoofdstukken zijn
eenvoudig van opzet, doch lopen ook uit op moeilijke uitgewerkte voor-
beelden,

1. Introduction

1.1, What is asymptotics? This question 1s about as difficult to
answer as the questigh "What 1is mathematics?" Nevertheless, we shall
have to find some explanations for the word asymptotics,

It often happens that we want to evaluate a certain number,
defined in a certain way, and that the evaluation invplyes a very
large number of operations, so that the direct method is almost pro-
hibitive. In such cases we would be very happy to have an entirely
different method for finding information about the number, at least
glving some useful approximation to it. And uswally this new method
giveg the better results in proportion to its being more necessary:
its accuracy improves when the number of operations, involved in the
definition, increases. A situation like this is called asymptotics,

This statement is very vague indeed. However, if we try to be
more precise, a definition of the word asymptotics either excludes’
everything we are used to call asymptotics, or it includes almost the
whole of mathematical snalysis., It is hard to phrase the definition in



such a way that Stirling's formula (1.1.1) belongs to asymptotics, and
that a formula like‘j~(1+x2)'1dx=éﬂ' does not. The obvious reason why
the latter formula ig not called an asymptotical formula, 1s that 1t
belongs to a part of analysis that already has got a2 name: the integral
calculus, The safest, but not the vaguest definition is the following
one: Asymptotics is the part of analysis that considers problems of
the type of those dealt with In this book.

A typical asymptotical result, and one of fthe oldest, is Stirling's
formula Jjust mentioned.
(1.1,1) 1im n!/(e™" n" V2mrn) = 1.

1) e OF

For eéach n, the number n! can be evaluated without any theoretical
difficgulty, and the larger n, the larger the number of necessary oper-
ations becomes, But Stirling's fornwla gives a decent approximation
el rf1VQ?ﬁ;;, and the larger n, the smaller its relative error becomes.

We quote another famous asymptotical formula,; much deeper than
the previous one. If x is a positive number, we dcnote by 7 (x) the
number of primes not exceeding x. Then the so-called Prime Number
Theorem states that

. x
(1.1.2) x{fﬁﬂ T (x)/ Toe % =

The above formulas are limit formulas, and therefore they have,
as they stand, little value for numerical purposes, For no single
special value of n we can draw any conclusion from (1.1.1) about n!

It is a statement about infinitely many values of n, which, remarkably
enough, does not state anything about any special value of n,.

For the purpose of closer investigation of this feature, we ab-

breviate {1.1.1) to

61.1.3) lim  f(n) =1, or f(n) —1 (n —°9),

N oo

The formula expresses the mere existence of a function N(e), with
the property that:

{1.1,4) for cach €>0: n>N(e) implies If(n)-11<¢

When proving £{(n)—1, one usually produces, hidden or not,
information of the form (1.1,4) with explicit construction of a suitable
function N{e&), It is clecar that the knowledge of N{g) does mean having
numerical information about . However, when using the notation
f{n) ~41, this information. is suppressed. 30 the knowledge of a function
N{e), with the property (1.1.4), is replaced by the knowledge of the
existence of such a function,

* the success of
résses that much

To a certain extent, it 1is one of the reason
analysis, that a notation has been found that



information and still remains useful. With quite simple theorems, for
instance 1lim anbn=llm an.lim bn, it is already easy to see that the
¢xistence of the functions N(g) is casicr to handle than the functions
N(&) themselves,

1.2 The O -symbol., A weaker form of suppression of information is
given by the Bachmann-Landau 0 -notation., It do¢s not suppress a
function, but only @ numbcr, That 1s to say, it replaces the knowledge

of a number with certain properties by the knowledge that such a
number exists, The O -notation suppresses much less information than
the limit notation, and yet it is casy enough to handle,

Assume that we have the following explicit information about the

gequence {f(n)} :
-1 ”

(1.2.1) j£{n) - 1] < 3n (n=1,2,3,...).

Théen we clearly have a suitable function N(g), satisfying (1.1.4),
viz. N(€) =3£f1. Therefore,
{1.2.2) £{n) «—1 (n —ew).

It often happens, that (1.2.2) is usecless, and that (1.2.1) is

satisfactory for some purpose on hand. And it ofter happons that (1.2.1)

would remain as useful if the number 3 would be raeplaced by 105 or any

other constant, In such cases, we could do with

{(1.2.3) (There exists a numbur A (independent of n), such that
{ [T(n) - 1}<.An—q (n=1,2,3,...).

The logical connections are given by

(1.2.1) — (1.2.3) — (1.2.2).

Now {41.2.3) is the statcment cxpressed by the symbolism
(1.2.4) £(n) = o(n~") (n=1,2,3,...).

There are some minor diffcrences between the various definitions
of the OQO=-symbol which occur in the literaturc, but thege differences
are unimportant, Usually, the O -symbol is meant to represent the
words "something that is less than a constant number times". Instead,
we shall use it in the sense of "something that ise¢$.a constant number
times the absolute valuc of", So if S is any set, and if f and ¥ are
real or complex functions defined on S, then the formula

(1.2.5) £(s) =0 (y(s)) (s €8),
*¥that there is a positive number A, not depending on s, such that
(1.2.6) ]f(s)]sé&]%(s)l for all s &8.

¥ vin absolute value®
¥¥ means
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If, in particular, ¢ (8)#0 for all s €S, then (1.2.5) simply meens
that f(s)/¢ (8) is boundud throughout S,
We quote some obvious cxamples,

x% = 0(x) (1%l <2),
sin x = 0O(x) (-00 ¢<x < 00),
sin x = 0(1) (- 00 <x ¢ 00),
sin X«XmO(XB) (- o0 ¢x ¢ 00),

uite often we arc interested in results of the type (1.2.6) only
or o part of the set 8, cspecially those parts of § where the inform-
atlon 1is non-trivial, For c¢xample, with the formuls sin x~x:=0(x3)(—w<)<(w)
the only interest lies in small values of |x| . But those uninteresting
values of the variable somctimes give some extra difficulties, though
without being csgenticl in any rospect. An zxample is:

-
K1 = 0(x9) (=1 <x <),

We are obviously intercsted In smell vaolues of x, but 1t is the
fault of the large values of x that the formula wx~1m0(x)b-00<x'<0°)
fails to be true. So 2 restriction to a finite interval is indicated,
and 1t 1s of 1little concern what interval 1s taken.,

On thc othir hand thore are cascs where 1t S2kes gome trouble to
find 2 suitable intervnl, Now in order to ¢liminate these non-cssential
minor inconveniences one usces a modified O-notation, which 2gain sup-
presses some information, We shall explain 1t for the case where the
Intcerest lics In lorge positive values of X (X — e0), but by obvious
nodifications we get similar notations for cases like X — =00, |X|— o,
Xx—c, xTc (i.¢., x tends to ¢ from the 1oft), cte.

The formuln

(1.2.7)

e}
Ay
=
-
it

- 0((x)) (x — )

means thnt there cxists 9 real number 2 such that

£(x) = 0( () (» <x. <o),
In other words, (1.2.7) means that there ¢xist nunbers a and A such that
(1.2.8) If(x)l ¢« A }?(x)] whenever a <X < 00,
ial
Exampless xgzO(x) (x=0); x=0(x") ({(«; 00);

cT*=0(1) (x—=%);  (log x)°=0(x%) (x—<),

In many cases a formula of the type (1.2.7) can be replaced im-
mediatcly by an O-formula of the type (1.2.5). For if (1.2.7) is given,
and 1f f and ¥ are continuous in the intervel 0 £x < ¢0, and if morcover
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¢ (x)#0 throughout that interval, then we have f£(x)=0( ¢ (x))(0g x<e2).
This follows from the fact that f/¥ 1is continous, ané there
over O £X £2.

fore bounded,

The reader should notice that as far as yet, we 21id not define
what O( w(s)) means, we only defined the meaning of some complete for-
mulas, It is obvious that it cannot be defined, at least not in such a
way that (1.2.5) remains equivalent to (1.2.6). For f(s):O((f(s)) ob-
viously implies 2f(s)=0(y(s)). If O(¢(s)) in itsclf were to denote any-
thing, we¢ would infer f£(s)=0(y(s)) =2f(s), whence f(s)=2f(s).

The trouble is, of course, due to abusing the cquality sign =.
A similar situation would arise if someone, because the sign < fails on
his typecwriter, starts to write =L for the words "is less than', and
so he writes 3=L{5). Now when being asked: "What does L(5) stand for"
he has to.reply "Something that is lcss then 5", Conscquently, he rapid-
ly gets the habit of reading L as "somcthing that is less than', thus
coming close to the actual words we used when introducing (1.2.5).
After that, he writes L(3)=L(5) (something that is less than 3 is some-
thing that is less than 5), but ccrtainly not L(5)=L(3). He will not
see any harm in 4=2+L(3), L(3)+L(2)=L(8).

The O-symbol is uscd in ¢xactly the same manncr as this man's L-
symbol. We give a few examples:

0(x) + 0(x) = 0(x) (0 <x <o)
o(x) + O(Xz) = 0(x) (x —0)
0(x) + 0(x°) = o(x?) (x = o0)
e*=14x+0(x%) (x— ©)
comk=OH)2 (- 00 < x <00)
O(x)_ o) (x—e0)
X”qo(ﬂ) = 0(1) + O(x'z) (0 <x <00)

The last one, for example, has to be interpreted as follows: when-
ever the 0(1) on the left is replaced by any function f(x) satisfying
f(x)=0(1) (0 <x <o), then x~ f(x) can be written as g(x)+h(x), where
g(x)=0(1) (0 <x <) and h(x)=0(x"%) (0 <x < o0). Its proof is easy: take
g(x)=0 when 0 <xg 1, and h(x)=0 when x >1,

We next take a general cxample, meant for discussing the matter of
uniformity. Let S be a scet of values of x, let k be a positive number,
and let f(x) and g(x) be arbitrary functions. Then we have
(1.2.9)  (£(x)+e(x)" = o((£(x)") + 0((a(x))") (x €8).
For, we have, |
| (£+6) ] < (17 +1g1) ¢ {2 max (121, g1 ) 2% max (1%, 181 ) <2511 1] 9.
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Formula (1.2.9) means that A and B can be found such that

[(£(x) + ()] g n jeE + Blg(x)]® (x€5),

and 1t should be noted that A snd B depond on k, or rather, thot we
have not shown the existence of suiltable A ang B not depending on k.
On the othor hand, in
(1.2.10) 5 = o(d) (1 <x <oo).
X +Kk© %
the constant involved in the O-synmbol c2n be chosen independent of
k(-00<k< @), as 2]|kx] \(xQHcQ for all venl values of x and k. This
part is expressed by saying thot (1.2.10) nolds uniformly in k.
We can alsouloak upon (1.2.10) from - different point of view.
The function k(xh+k2)"1 18 o function »f the two variebles x and k,
and therefore 1L can Lo considered as o funchion of a variable point
in the x=-k-planc, Now the un.formaty of (1.2.10) expresscs the sane
thing s
ﬁ:O(i) (1<t <00, -0k ¢ o0),
X +k *
The set S referred to 10 (1.2.0) specinlizes o the nalf-planc
TR L0, -0 K L0,

In O-fornulas invelving conditions like x— 09, there arc two
constants nvolved (A and a in (1.2.8). We shall speak of uniformity
with respect to a paramcter k only if both A and a can be chosen in-
dependent of k.

Example: For each individucl k >0 we have

KB(1+kx®) = o(x~ 1) (x—s 00),

but this does not hold uniformly. If it did, we would have, by
specializing kzxz, that xu(1+x4)'1=0(x'1), which 13 obviously fa2lse,
On the other hand, one of the two constants can Le chosen independent
of k: there is a function a(k) such that for each k we have

2\ - -
}k2(1+kx‘) 1}< 1.% 1, if only x> a(k). It suffices to take a(k)=k.

({ :

1.3. The o-symbol, The cxpression
(1.3.1) £{x) = o ¢(x)) (x — o0)

rneans that £(x)/¢(x) tends to 0 when x —00, This 1s a stronger assert-
ion than the corresponding O-formula: (1.3.1) impliecs (1.2.7), as

convergence implies boundedness from a certain point onwards.

Furthcermore we adopt the same conventions we introduced for the O-
"o" is to be read as "something
that tends to zero, multiplied by'". Some ¢xamples are

symbol: = is to be read as "is", ond "o



cos x = 1 + o(x) (x—0).

eo(x) =1 + o(x) (x—0).

n! = ¢ a" VZTn(1+0(1)) (n—od.

n! = —n+o(1)nn V2T n (n-—od),
of(x) &(x))= o(f(x)) 0(e(x)) (x =0).
o(f(x) s(x))= £(x) o(a(x)) (x—0).

In asymptotics, o's are less popular than 0's, becausce they hide
so nuch information, If something tends to zero, we usually wish to
know how rapid the convergence is.

1.4, Asymptotical equivalence. We say that (%) and g(x) 2re asymptot-

ical eqguivalent as x—— o9, if thc quotient £(x)/z(x) tends to zuro. The

NS

notation is
r(x) = g(x) (x —00),
The notation is also> used for all other ways of passing to o limit
{¢.8. x=-00, x20, x 10, ¢te.).
Properly speaking, the symbol o« is superfluous, as F(x)xg(x)
can be convenicntly written as f(x) = g(x) (1+2(1)), or as
£(x) = (1) g(x).
Examples: xx + 1 (x— 09),
sinh x=mi” (% — 0),
nt =0 a" VeTn (n—oo)  (cf.(1.1.1)),

When asking for the "asymptoticzl behaviour" of a given function
7(x), as x— %, say, one mcans to ask for asymptotic information of any
kind. But usually 1t means asking for a simple function g(x) which is
asymptotically equivalent to £(x). Here "simple" means that its explicit
evaluation does not become ¢xtremely hard if x 1s very large. From 2
certaln point of view n! is simpler thon e nn‘d§7?ﬁ, but from the
asymptotic point of view the latter cxpression is the simpler,

The words "asymptotical formula for £(x)" 2re, accordingly, usually
taken in the same restricted sensce, viz. an cquivalence formula
C(x)=g(x).

1.5. Asymptotical serics, We often have the situation that for a
function f(x), as x—> %, say, we have an infinite sequence of O-formulas,

each (n+1)-th formule being an improvement on the n-th, Frequently the
sequence of formula is of the following type. There is a sequence of

functions th, @1,1f2,...,

(1:5.1) ¥, (0)=0( §,(x)), Pp(x)=0(,(x)),s P3(x)=0(9p(x)),... (x—m0),



r(x) = 0(¢,(x)) (x—po00)
£(x) = e g (x) + 0(p,(x)) (x —>00)
(15,2) ¢ £(x) = c g (x)+c 9, (x) + 0(P,(x)) (X 00)
£0x) = e (x) = cqy(x)hanre, L@ ()+0(g (X)) (x—e0)

Obviously, the second foriula improves the {irst one, a8
o wo(®) + 0l (€)) = (c+o(1))g_(x) = O(y,(x)),

Aeoerdingly, the third formula ‘mproves the second one, and so on.
The following notation 1z used .n order to represent the whole set
(165.2) by a single formula

(1.5.3) f(x) o c,- qo(x) P qq(x) P ?2(x)+... (x = o),

The right hand side is called an ssymptotical series for £(x), or
an asymptotical expansion for €(x). It 1s easy to see that the c's are
uniguely determined when the ¢ s oure given, assuming that such an asymp-
totic expansion exists,

The multiplication points belween Cy and tyk(x) ar ed in order
to make the notation revenl the sequence th(x), yq(x),... . It 1is
evident, however, thzt ¢ . Wk(x) may be replaced by 3¢ .Elfk(x), say,
since O(@k(x = 0(2‘{ (x)) But *f the coefficlent i3 zero, we are
not allowed to replace 0. ‘P;{ X) oy 1.(0.?1( Y)Y, as (?k( x)) cannot be
repleced by O(O.&fk (x)). Also, the meaning of (1.5.3) would change
5lightly upon omitting the terms with coefficients O.

The following example shows the importance of the multiplication
pointsy
(1,5.4) e s 0.1 + O.x'q + O.x“g ... (X —> 00)
is true, as it cxpresses the well known fact that e =0(x"") for each n.
On the other nond

X 0.7 4 0le + Qe o (x — ©0)

>

-X . f . =-2X e e
(e is not O + 0{e™ ")), and, finally, the line

[N
[#4]

2T 0+ O+ OF ... (X — ©0)

hos o meaning ot 11,

The series occurring in (1.5.3) n=.d not be convergent. At first
sight 1t scems strange that such & scquence, producing sharper and
gsharper approximations, does not autometically converge. The answer is,
thaot convergence means something for some fixed Xos whereas the O-
formulas (1.5.2) are not concerned with x=x_, but with x — co, Convergence
of the scries, for 211 x >0, say, means that for every individual x there
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1y a stotement about the case n—peo. On the other hand, the scries
being the asymptotic expansion of {(x) means that for every individual
n therce i3 & statement a2bout the cose X - o0,

Morcover, if the scguence converges, Lts sum need not be equal to
£{x): formula {1.5.4) provides a counterexsmple. It 1s even possible
to construct functions (1), ?C(x), qq(x),..., suct that the serics of
{1.5,3) converges for ~11 x, but csuch that the sum of the scrics does
not have itself as its own asymptotlc serico,

L quite simple example of 2 divergent asymptotic serics is the
following one., We consider the function f, defired by

b t

ol
{1.5,5) f{x) “j + ¢
(npart from 2n 2ddithcanl constont this is the 3o called exponential

integral E1 t), By portial integration we obtain

I3

ct pie X _t
(1.5.6) £(x) = [w I

1 T o
. , -1 ¥ s
The first term is X qu -, but the sccona oane 117 of smaller order:
L. L
X N, X ¥ X
et ot S b " ix X 4 e
=y At = + < dt - 4—§ﬁt,<§xe3“ t e, = = 0(55).
1t 1 Sl I SxX x L
\ - 4 2 X
Consequently we nove (n) = x 4 0{xten).

A noext approxnmaiion can be obtoinesd 1w apply partial integration

tn the integral in (1,5.5), Repesating this proccdure, we get

. X X t
T =3 3(; /3 ,} b 21 . 1:-1 : e nl L R
L(X) = (e (t + ——,2- b —«3— L o i 4 a‘.J W dt .,
t t o 4 1 t
Denling with the last integral in the same why 20 Lt wes woin Lhove

with its specinl case n=1, we find that it is O(x RN Y. It Coliows
that

o“ﬁﬂ~i+'l+gi+35+ (x —0)
i X _72‘ "? ""II @ o e -
X X X
The series on the right converges r'or ro singl: v2lue 2f X,

A quitc simple choush rather trivaal class of asymptotic serles
somsists of the class of convergent power series, If R 13 2 positive
numocr, and if the function £{z) is, when |z| <R, the sum of a converg-

ent power serles

(1.5.7) fz) = By b a4Z o+ 0,20+ L (1z] < R),

then we also have asymptotically
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2

(1.5,8) f{z) ~a_ + 2,2 + 2,527 +... {1zl ~0).
The proof is easy. The sarises converges at zs= %—R , whence the
terms 3n.(%-R Y are bounded. It follows thot ot z=3R the series con-

verges absolutely, Put

o0 Ik .
Z:£=O layl (BR)™ = A,

Now for each individual n, when )z) < 3R, we have

o8 K n+1 ©e k n+1
}E:' a, @ )S(EZ/R) neq 12 R & |2z /R| A,
=n+
and, therefore
f{z) = an+a,\z+...+aqzn + O(zn+1) (]z] < 3R).

This implics {1.5.8).

It obviously dows not metter whether in this discussion z repre-
sents a complex variable, or o re2l voriable, ov o resl positive
variable,

1.6. Blementary opcrations on zsymptotic gcericg. or the sake of

simplicity we shall restrict our discuzsions to asymptotic series of
the form

[}

{1.6.1) a, + a % + a2x¢+... (x —0),
though aimilar things can bhc Gone for scveral other types.

The series (1.6.1) i3 a power series (in terms of powers of x),
and as long as there 1s no discussion about its representing anything,
we call it a formal power series,

For these formal power geriepg additlon and nmultiplicatlion can be
defined in such a way that the get of all formal power gerics bocomes

a commutitive ring, with 1+0.x+0.%x+.,. 238 the unit clenent (to be
denoted by I). If the = . picg 0t X+, and b +b X+, Are represented
[ 1

by A and B, respcctivelyv, *hern we definc

A+B

il

2
‘ao + bo) + (a1 + bq)x + (a2 + b2)x + oL,

2
- = v, - Q 3 C < ] ‘3 ')
AB = ?obo + (aobq 4 1ao)x + ('aob2 +agh, + 2bo)x +,

Ir ao¥0, then there is a uniguely deteremined C such that AC=I.

Purthcrmore we can Jdefine the formal power series that arises
from substituting the scrics B into the scries A, provided that bO=O.
This new series will be denoted by A(B). It is defined as follows:
Let Cin be the coefficient of Xk in the scrics aOI+an+agB2+...+aan.
Then it is easily seen that ¢
it follows that

Kk = Ck,lce1 = Ok, kep=rr - WPATING Cpp=cy,
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n+1 n+e

n n
a +a LR I} = 4 2 0 4 b4
OI 1B+ +anB co+cqx+ +cnx +C +cn+2,nx +. s

n+1,nx

We now defince

n+ n+e

n
=9 = o o @ X - X o 0o .
A(B) C FC Kt L HC X O e oK

1 +1

So A(B) arises from rcplacing x in the a-scrics bij B, and com-
bining coefficients afterwards.
A further operation on formal power serles is diffcecrentiation. The

derivative of A=a _+3 X+... is defined by

1

"
A' = a, + 282X + 3a,%x+...

1 3

that is, by formal term-by-term differentiation.

It 1s well known that if A and B 2rc power scries with 2 positive
radius of convergence, these formal operations dircetly corrcspond to
the same operations on the sums A(X) and B(x) of those scries, For
cxample, i1f A{B)=C, then the serics C has a positive radius of con-
vepgence, a2nd inside the carcle of that radius we have A{B(x}}: C(x).

When speaking about 2aymptotic scrics instead of power scrics, we
hove the same situation, apart from the Toel that some extra care 138
necessary in the casc of differentistion, Assume thot L(¥) 2rd B(x) arc
functions, defincd in a ncighhourhood of x=0, heving fsynpstotic Juvelop-

ments _
A(x)~ 1 (x —0), B(x)~T (x —0).

Notice that A(x) stonds for the function, and that A stands for the

formal series ao + a1x + ...

Now it is not difficult to show that

(1.6.2) A(x) + B(x) ~ A+B  (x—0),

(1.6.3) A(x) B(x)~AB (x=—0),

and if a_#0,

(1.6.4) (a(x)) T~ ™" (x—0)

(A—q stands for the solution of A'q.ﬁzI). Furthermore, if b =0, the

composite function A(B(x)) is defined for all sufficiently small
values of X, and

-

([i.b.5) A(B(X)) ~ fx(B) (X ——-—-)O).

Formula (1.6.2) is trivial., We shall prove (1.6.3). Writing AB=C,
we have, for each n, :

n n+1
Ax) = a_+...+a x + 0(x 7))

s B(x)=b0+...+bnxn+0(xn+1) (x—0,
and so

A(x)B(x)=(a+...+b x7) (b_+...+b_x")+0(x" 1) (x=0),
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Now
n n . .n
(ao+...+anx )(bo+...+bnx )‘(Co+"'+“nx )
is a linear combination of Xn+1, xn+2,...,x2n, and sc it is 0(x
It follows that

1’]":‘1)

s{x) B(x) = Co oot cnxn + O(xn+q) ' (x —0),

and this proves (1.6.3).

Similer proofs can be given for (1.6.4) and (1.5.5). Actually,
/‘

(1.6.4) can be considered as a special case of (1.6.5), as A~ '=P(Q),
with P=ao‘1(1+x+x2+...), Q:ao’q(aO—A).

With the operation of differentiztion the situation 1s somewhat
different. If A(x) nas the asymptotical development A(x)~ A(x —0),
then A'(x) does not recessarily exist. If it exists, it does not
necessarily have an asymptotic expansion. But if i1t has an asymptotical
expansion, in the form of a2 formal power ser.es, 1t autometically
coincides with the formal derivative A',

For example, we have

e'%cin(e%)fv 0+ 0.x "+ 0.x7% ... (x40),
but the dorival o o
igFTSin(e&) - Lecoz(e¥)

has no such asymptotical exprnsion.

The theorenm that term-by-term differentiation of an asymptotical
development 1is legitimote whencver the derivative of the function has
an asymptotical expansion (in the form of a formal power series),is an
immediate consequence of the following theorem on integration (at
least if the cderivative is continuous):

If £(x) is continuous, and

£(x) ~ o, + a4x + a2x2 o, (x — 0)

then we have
X

PR - 1.
JO T(t)dt ~ Xt sTK

2 1 -
+ 7 ing S (X'*“9O)-

This immediately follows from the fact that 1f z(x) is continuous,
then

g(x) = 0(x") (x—0) implies J * g(t)dt = O(xn+q) (x —0)
. O

1.7. Asymptotics and Numerical Analysis. The object of asymptotics 1s
to derive O-formulas and o-formulas for functions, in cases where 1t
is difficult to apply the definition of the function for very large
(or for very small) values of the variable, It even occurs that the
definition of a function is so difficult, even for "normal" values of




-13-

the variable, that it is eacsicr to find asymptotic information than
sy other type of information,

As it was alrcady stressed in scc,1,1, neither O-formulas nor o-
formulas have, as they staond, any direct value for numericel purposes.
However, in almost all coses where such formulas have bocen derived, 1t
15 possible to retrace the prool, replacing all O-formulas by definite
cstimates involving explicit numerical constants,

That is8, at every dgtage of the procedure we indicate definite
numbers or functions with certain propertles, where the asymptotical
formulas only stated the existence of such numbers or functions,

In most cases, the final cstimates obtained in this way are rather
weak, with constant a thousend times, say, grerter than they could be.
The reason is, of course, that such estimates are obtained by means of
a considerable number of steps, and in each sten 1 fhctor 2 or 80 is
ensily lost. Quite often it 13 possible to reduce such errors by a more
carcful cxanination.

But c¢ven 1if the ssymptotical result is presented 1n 163 vest
poasible oxplicit Tnrm, it need not be s2tislactory from the nuaerical
point of view, Tho (ollowlng dialogue between n Numerical Analyest and
an asymptotical .moelyst is typicnl in scvepsl rospects,

o

Numcr,: I want to evaluate my function {(x) for large values of x, with
1 relative crror of at nost 1%.
Asympt.; f(x):x'q+0(x‘2) (x —3 o).
Numer, : 299
Asympt,: }f(x)—x‘q}< 8x~° (x >104).
Numer, : But my valuc of x is only 100,
Lsyrpt.: Why <¢1< not you soy 507 My ocv-luntions zive
Io(x)-x""] <7000 x°¢  (x >100).
Numer, : This 13 no news to me. I know nlrcady thet O <£(100) <&,
Asympt.: I can gain a little on somc of my estimates. Now I [ind that
}f(x)-x‘q!< 20 x72 (x 3100).
Nurier, : I 2sked for 1%, not for 20%.
Asympt.: It is almost the hest thing I possibly can get. Why don't you
tnke larger values of x?
Nuner, @ HE
I think 1t's better to 2sk my electronic computing machilne,
Machinc: f(100) = 0.01137 42259 34008 67153
Asympt.: Heven't I told you so0? My estimate of 20% was not very far
from the 14% of the real crror,
Nunmer, s 111

Some days later, the Numerical Analyst wants to know the value of
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£(1000). He now asks his machine first, and notices that it will
require a month, working at top speed. Thersfore, the Numerical Analyst
returns to his asymptotical colleague, and gets a fully satisfactory
reply.,



2, Implicit functions,

2.1. Introduction., Let x be given as a function of t by some equation

f(x,t) = 0,

where, .f ths equat:on has more than one root, it is somehow indicated,
for each value of t, which one of the roots has to be chosen., Let this

root be denoted by x= ¢(t). The problem is to determine the asymptotic-
11 behaviour of w(t) as t-—soo .,

We sbhall only discuss a few examples, since little can be said in
seneral, In general, the question 1s rather vague, for what we really
want is the asymptotic behaviour of y (t) expressed in terms of element-
ary functcions, or at least in terms of explicit functions.

IT no onz had ever introduced logarithms, the question avpout the
asymptotical behaviour of the positive solution of the equation 2 X at=0
(és t oo ) would have been o hopeless problem. But as soon as one
considers logar.thms as useful functions, bhe'problem vanlishes entirely.

In many coses occurring in practice 1t is possible to expregs
the asymptotical behaviour of an implicit function in terme of elemeni-
ary functiong. For the ssoke of curiosity we moention one cose whaore it
18 guite unlikely thot such »n elemonbary expresgwon exists, @¢lthough

1T may be difficult o show the contrary. I9 x L2 siven by

. . ot
x (Log x)" - 157 =0, x>0,

thern we con cag.ly verafy that x=e" ¢(t), where ¢ (t) is the solution
of LPV% =U. Now for ¢ we have an asymptotic expansion (see sec.2.4),

: i -1 )
wnich involves crrors of the type (log t) i, for k arbitrary but fixed.

™z meens that we have an asymptotic formula for log %, but not for x
1tself, That 1s, we do not possess an elemen..ry function ¢ (t) such
that x/ ¢ (c) tends to 1 as © -0, Thig would reguire 2 formula for

¢ (t) with »n rror tern of u(t—q), and 1t 13 unlikely that such a
formula could oo Tournd.

In mose c¢osce where asympootic formulas ¢an be outained, it Suros
out to be guite «ogy. Usunily it depends on expansgiens 1o berme of some
small poaramcoer, ordinar:ily i connection wich che Ligrange inversion.
that Formula belongs to complex function theory . hbut the some results
can often be obtained by real Tunction methods., Quite often 1teration
methods can be applied, dut somctimes they fai1l in a peculiar way (sce
scc.2.5),

2.2. The Lagrange invers.on formula. Let the function f(z) be analytic

i some neighbourhood of the point z=0 of the complex plane., Assuming
cthat £(0)#0, we consider the eguation

(2.2.1) w=z/7(z),
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where 2 1s the unknown, Then chere exist positive numbers a and b,
such that for }w[<:a the equation has jJust one solution in the domain
{z] <b, and this solution i3 ar 3nalytic function of w:

o

(2.2.2) z = 2 o M" (lw]<3a)

vhoere the coefficients ¢, are gilven DY

W= )
(2.2.3) st (T e
Zuz

/. generalization gives the value of g(z), where g is any function
of 2z, analytic in 3 ncighbourhood of z=0:

(2.2.%)  z(z) = glo) + o 9, w5, a,=(x) (e /az) < {g'(z)(f(z))k o

Formulea (2.2.2), usually quoted ne the BlUrmann-Lagrange formula,
18 a special case of 2 more genernl theorem on implicit functions: If
flz,w) is an aralytic function of both z znd w, in some region |z|< 845
]w}‘<b1, and if ®f/ dz does not vanish at the point z=w=0, then there
are positive numbers a and b, such that, for each w in the domain
lw] <2, the equation f(z,w)=0 has just one solution z in the domain
[z l<§? and this solution can be represented as a power serles

ke
2= 2o Cp W

For proofs of these theorems we refer to standard textbooks on
complex function theory.

2.3. Applications. Some asymptotic problems on implicit functions admit
direct application of the Lagrange formula. For e¢xample, consider the
positive solution of the eguation

(2.3.1) Xex = twﬂ,

when =00 | As t'1 tends to zero, we cpply the Logrange formula
(4,2.2) to the equation ze“=w, so that f(z)=e %, It results that there
arc constants a> 0 and b >0, such thnt for |w|< a there is only one
solution z satisfying |z l<b, viz.
DO

z= L,
(actually, the series converges if fw] < e"q), Sc it is clear that if
£ > 3“1, there is one and only one solution in the circle (x]<.b'1. But
as xe* increases from O to es if X increases from 0 to o , the equation
(2.3.1) has » positive solution, and this one cannot exceed b1 1f ¢ 1is
sufficiently large. So if t is large enough, the positive solution we
are looking for, 1s given by

oD
(2.3.2) x= &, (0T e,

(-1 T Rk e



4%}
@
[0}
(@]
°

anc this power Surl.i als0 36fves a5 aSymptotical development (s<

1.5).

Cur scceond cxanple congider. the posiiive solution of

(2.3.3) Xt = G-X

whirn U—> oo, The function x7 i3 increr=ins 1€ x>0, and e 18 decrets-
cimL W netice thew x° is small wn rhe dnterval 0Sx €4 unless X i3
viry loge to 1, so that it -z clear from the graphs ofF xt and e %
there 12 just one root, close to 1, z2nd tending to 1 as S —»oo,

I

e now put x=1+2, u"qaws couoory Lo et on o eguatlon of the rormm

12.2.1). From xC=c ® we obtoin ihe cguation
z/C{zY=w, vhere v{(z) = -z(1+z) AH(loz(1+2)).

Phe function f{z) is analytic v z=0: le)==1 + 2,2 + ...

It follows that

solves the equation (2.3.3), if t 1s lorge enough, AS 1n the previous
cxample, the fact that there is jJust onc positive solution, tendiny to

onc if t o0, guorrntaees that the posivive solution 13 represented by

the povier geries, @0 € 1o sufficiently large.

Our third exomple g stated 1 7 somewhat different form. Congider
S eguation

.

(z.3.4) cos x = X sin x.

We obscrve from thoe xraphs of tne functiong x and cotg x, that
choees ds Just one root an L very niervol a1l x < (nd)e (nzo,iﬂ,ig,...).

Denoting this rodt by %, we ask for the behaviour of X, @8 N oo, As
' ! . ' -1
cotg (%, -mTn) = x_ —deo, we have X - Tn — 0, Putting x="Ir+sz, (tn) ™ ‘=w,

t i
v fipd con oz =(w"1+?)sin 7z, and g

4

,
<,
;
&
N
M
g
btk ]
o~
3
o
b3
F e
P
Il
S
i
)

(cos a-2 sin z)/sin z,

where £(z) 1¢ analyvic ro z=0. Thercfore z 15 2 power serics in terms

N

i

s
of powers of w, -nd we enzily evalunte Z=WHC W F L. Therefore we

have, 20 n 1is large enoush,

-1 -2
x o= 70 o+ (Tn)7 0 o+ ocolmn) T 4 Ll

As a conseguence of the fact that (z) is an even function of z,
we notic hat ca=Cy=Cr=,..=0,
© C e t v 2 q 6 0

2.4, A more difficult case. We take the cquation

(2.%.1) xe® = ¢
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. . : X
which hos, when t >0, just one solution x>0, as the function xc

increnses from O to © when X incrcases from O to o8 ., This soalution

being simply denoted by x, we ask for the behaviour of X a8 t —poo

It 1s now more difficult then in the vrev.ous exanples to teong-
forn the equation into the Lagrange type. o snholl orocced by an
iterative mcethod, We write (2.4.1) 1n tue form

(2.4.2) X = log t - log X.

Once we have some approximntion to x, we can substitute 1t on
the right-hand-side of (2.4.2), ard we obtoin 2 new approximation,
better than the [former., W> must hnhve something to start with, As t
tends to infinity, we woy nssume t > e, 2nd then we have

1€ x < Loy £,
o g 1. . 4 }l”, t - . . P . + .
18 1o =0¢t, log oo = ¢ log t >t. It follows that log x =
= 0{log loz t), 3nd so, by (2.4.2),
x = lor t + 0(log log t).
Taking logarithms, we infer that

log x = log log ¢t + log {1 + 0(log lug t/log t)} =
= log log t + O(log log t/log t).
Inserting this into (2.4.2), we pet a second approximation

(2.4.3) X = log t - log log t + O(log log t/1oz t).

Again taking logarithms here, and inserting the result into (&.2), we
set the third cpproximotion

x = log t - logj {10g t - log 1os © + O(los 1o v/l i)} -

= log t - log log t + i3 L A= gf'at) + C(—*————*—-n-"(’”" lO:")t).
o & log, ©)°

We shall carry out two further steps. abbrevitting

lom t = Lq, log log t = o
we obtoin L L sz L.
10 X = Lo + log §1- +2 + = + L 2 4 0(—=)
i 2 LOF f‘ "‘2 ] 3 ]
1 L, L, L13 |

and 80, the turn O(LyL,™2) aborbing 211 tums LY with 953,

1 “2.,. 2. -3 -3} -1 -2)2
x=Ly-Lp- (Lol Lol T2 L, %L, T2 +0(L,L, )%{-LQL,] +LoL, }

- % (:[‘.2]_'_,"“.‘1)3 =



= L-Lo+LoL, +(2L2 —LQ)L {%-L23- % L22+ O(Lz)} L1'3.

The next step can be verified to give

2 A 2

(2.4.4) x=L,-Ly+LyL,~ (3L, -LQ)L1‘2+(§ L2 3 1,%40,)0, 72 +

1
1. 4% 11 .3 2 -4
+ (g Lo - 5 L7 +3L,°+0(L)L,

From these formulas we get the impression that there is an asymptotical
series

-2 3+

-1
(2.4.5) x~Ly-Lo + LoP (L)L, +L P, (Lo)L, " “+LyP ~(Ly)L cees

t]

where P (LQ) is a polynomial of degree k (k=0,1,2,...). This can be
proved to be the case; by a careful investigation of the process which
led to (2.4.4) and to further approximations of that type. We shall not
do this here, as we can show, by a different method, 2 much stronger
assertion: the series in (2.4.5) converges if t is sufficiently large,
and 1ts sum equals x.

The method is modelled aftcer the usual proof of the Lagrange
theorem, For abbreviation, we put

x=log t - log loz t + v, (log t)"1= o, (log log t)/log t=T.

and we obtain from (2.4.2) that
{(2.4.6) eVl-6v +1=0

For the time being, we ignore the relation that exists between &
and T , and we shall consider them as small independent complex para-
meters., We shall show that there exist positive numbers a and b, such
that, if IS[< 2, |t|<a, the equation {2.4.6) has Jjust one solution in
the domain |v[< b, and that this sclution is an analytic function of
both & and T in the region |o|<a, |tl<a.

Let § be the lower bound of |&™%-1 | on the circle [z]| = . Then
& is positive, and ¢" %21 nas Just one root inside that circle, viz. z=0,.
Now choose the positive number a equal to ©/2(f+1). Then we have

ldz~<‘ < & (le] < =, !tl<£u lz |= ).

A consequence is that 'e—z-ﬂf >Lsz‘1 f on the circle [z | =1, So by
Rouché's thcorem, the cquation e “-1- oz+T =0 has just one root inside
the circle. Denoting this root by v, we have, in virtue of the Cauchy
theorem,

(2.4.7) v o= §——~ j\ Tz =z .z dz,

1= & 2Z24+T

where the integration path is the circle ]zl=11, taken in the positive
direction.



For every z on the integration path we have {az]+(<j<"%le"z—1l,
30 that we have the followinz developrient

(2.4.8) (e %-1- Gz+~t) E: E::m -0 (e~ )~k—m -1 ek (-1 12§$l"

converging absolutely and uniformly when T?[ =1t Ic“< a,ff[< 2, So in
(2.4.7) we can integrete termwisc, and v cppecrs 2s the sum of an
ahsolutely converpent double power scrics (powers of & and € ). We
notice that all terms not contoining € vonisi. For, in (2.4%.8) the
terms with m=0 give risc to integrals

(21(1)’“\? m(e'z+c')(e’z—1)_k“1 2.z dz,

which vanish by virtuc of the regularity of the integrand at z=0.

Our result is that, if |o|< a,]t] < 2 (2.4.6) hos  Just one
solution v satisfying {v"<ff, and this solution can be written as

co

(oo ]
_ 2 E kK _m
(&49) Vo= k=0 sz%mq T

3

where the Cip 2T€ constants,

'1,'f=10g log t/log t.
For t sufficiently large, we haveldl<'a, ’fl < a, Moreover, the solution
of (2.4.6) which we actuslly want to have, 18 small: (2.4.3) shows that
v=0{1log log t/log t). It follows that it coincides with the solution

(2.4.9) if t is large. The final result is that if t is large enough,

We now return to the special values o =(log t)

oo o= Y N g B
(2.4.10) x=log t - log log t + 'Z:kzo Ez:m=o ckm(log log b)m+4(10“t)
and the series 1s absolutely convergent for all large values of t. Need-

less to say, thils series can be rearranged into the form (2.4.5).

2.5. Iteration methods. The previous section gave a typical example of

the role of iteration in asymptotics. In the next sections we shall dis-
cuss gome further aspeccts of asymptotical iteration. The subject does
not ¢ntirely fall under the heading "implicit functions", and therefore
our reflections will be somewhat more general.,

Let ©(t) be a function whose asymptotical behaviour is required,
as t —=»e2, Usually it 1s quite important to have a reasonable conjecture
about this behaviour before we start proving anything. And usually, the
better the approximation we guess, the easier it 1s to prove that it is
an approximation indeed,

Let LPO(t),qu(t);... be a sequence of functions and assume that,
for each separate k, the asymptotical behaviour of tpk(t) 18 known.
Assume that we have reasons to believe that the behaviour of g (t) is,
in some sense, an approximaotion to the one of f(t). Moreover assume that
there 1s a procedure that transforms tpo into P45 Py into Yo etc.,and
that there are reasons to believe that this procedure turns any good
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approximation into a better approximation, What we hope for is this:
it might happen that for some k ¢k is 80 close to f, that we may be
able to prove this fact, In some specified sense., It may even happen
that we are able to use the procedure itself for proving things, Name-
ly, 1f we are able to show that (i) 1f ¢ _ 1s an approximation in some
n-th sense, then automatically Wn+1 ig an approximation in some
(n+1)-th sense, and 1if moreover (ii) for some k it can be proved that
@k 18 an approximation in the k-th sense. A simple example for this

1s the process which led to (2.%.4). In section 2.4 we were so
fortunate to have useful information right from the start: O< x <log t,
s0 that there was no need for guess-work. But quite often there is no
such easy first step. For example, if we had to deal with (2.4.1) under
consideration of complex values of t, the first step would already ba
more difficult. In order to be specific, we assume that Im t=1, and
that we want to have a solution x with Re Xx-—c¢o, Im x— O, NOw

x=0(log t) would be a conjecture, and so would be its consequences
(2.4.3) and (2.4.4). But at the moment we have reached

x=log t - log log t+0(1), we can put x-log t + log log t=v, and the
discussion of (2.4.6) can be applied. Only then we get to definite
results,

This example of iterating conjectures so as to reach a stage,
sooner or later, where things can be proved, is too simple toc be very
fortunate. For, it 1is not very difficult to prove x=0(log t) right at
the start, using the Rouché theorem. On the other hand, it 1s easy to
imagine slightly more complicated examples, where the application of
the Rouché theorem would be very troublesome indeed,

The method of iteration of conjectures also occurs in numerical
analysis. There the object to be approximated is not an asymptotical
behaviour, but just a number. We shall consider things of that type
in sec.2.€, and compare them to asymptotical problems in sec.2.7.

2.6. Roots of cquations. We want to approximate a special root } of

some equation f(x)=0. To this end Newton's method usually gives-very
good results. It consists of taking a rough first approximation X, and
constructing the sequence xq’xg’xg"" by the formula

(2.6.1) Xopq = %n = 00x) /00 (%),

Its meaning 1is, that L is the root of the linear function whose
graph 1s the tangent at Pn of the graph of f(x), where Pn denotes the
point with coordinates (x ,f(x )).

Usually the situation 1s as follows: There is an interval J,/
containing 5 as an inner polnt, having the property that if x_ belongs
to J, then XqsXpsens all belong to J and the sequence converges to j .
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A sufficiunt condition for the existonce of J is, for instance,
that f(x) hss a positive sccond derivative throughout some neighbour-
hood of & ., If the process convurges at all, it does 8o very rapidly,
as (2.6.1), together with somec very light cxtra assumptions, guarrantees
that x, . ,-§ 1s of the order of the squarc of x - §.

Quite often very little is known anhout the function f(x), that is,
for every special x the valuc of f(x) can be found, but in larger x-
intervals there is not much informotion about lower and upper bounds
of £{x), £*(x), etc. Usurlly such information can be obtaincd in very
small intervals. In order to find a root of the eguation f(x)=0, we
then simply choose sone nunber X, more or less a2t random, and we
construct LOFE YRR by Newton's 1teration proucess. If this sequence
shows the tendency to converge, nothing os yet has been proved, o8
convergence can not be deduced from a finite number of obscrvations.
But 1t may happen that sooner or later we orrive ot 2 small interval
J, where 8o rniuch informoition can be obtoined about f£(x), that it can
be proved that the further xj's remain in J and converge to a point of
J, that this limit is a root of {(x)=0, and that there are no >ther
roots inside J. What we then have achieved 1s not the exact value of a
root, but a small interval in which there is one; morcover we have a
procedure to find smaller and smaller intervols to which it belongs.
Therefore 1t 18 2 perfectly happy situation from the point »f view of
the numerical analyst.

There are als? less fovourable possibilities, several of which we
mention here:

(1) The sequence XX . diverges to infinity.

1’-.
(i1) It converges to 2 root, but not to thec one we want to approximate.
(111} It keeps oscillating.

(iv) It converges to the root we have in mind, but we are unable to

prove it,

L,7. Asymptotical iteration., Now rcturning to asymptotical problems

about implicit functions, we notice that the Newton method works quite
well in small-parameter cases like those of sec.2.3 or the one of
(2.4.6). Needless to say, the root is no longer a number, but a function
cf t, and we are out for asymptotical information about this function,

There are two different questions., The first one is whether the
Newton method gives a sequence of good approximations.

A far more difficult question is whether we can prove that these
approximations are approximations indeed. We shall not discuss this
second question, in fact we only discuss c¢xamples that have been extens-
ively studicd before, so that the asymptotical behaviour 1s precisely
known,
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First take the cquation (2.3.1). We condier p,=0 as the first
rough approximation to the root. Applying the Newton Formula (2.6.1),

with f(x):xex«t"q, we obtain

-1 - - @,
Popq = -l Pt (g +1) T e TR,

and so, putting - ¢,

¥ = €,
Po= - e (F-1)e (1) e - e% 3 edvo(eh,

80 that ®, differs from the true root x (sce (2.3.2)) by an amount

O(Eu). It is not difficult to show, in virtue of (2.3.2), that ¥
k
differs fron x only by O(E2 ).

We next discuss the equation (2.%.1), and we shall apply Ncwton's
method at a stage where we have not yet reached the small-paramcter
case, Then we shall notice phenomena that did not arise in scc. 4.6,

k

Obscrving that the positive root of xe®=t is small compared to t,
we might think wo=o to be a reasonable starting point. We have

$ -
Prpq = (Qng + te n)(\pn+1) 1,

and so
LP/l=t’
go =t -1+ O(t":),
LP3=t~2+O(t )5

and so on, It is clear that this lcads us nowhere, None of the lpk's
have any asymptotical resemblance to the true root x,

The same thing happens if we start with Y= log t, which is
already a quite reosonable approximation, as x=log t + O(log t) (see
(2.4.3)). Then we again obtain ¢ =log £-n+0(1). It is not difficult
to show that we clways have Po= ¢o~n+o(1), as sown as we start with
a function P, which is such that ¢ °/t tends to infinity when
t = o0,

Next assume that we try \po=log t-log log t+ao for some constant
2. (admittedly, this e¢xample is not very natural, as no one would try
tﬁis before trying tpo=log t-log log tla Then we easily calculate that
Pp=1l0g t-log log t+a , wherc a A ,=a +e “_1. It cen be shown (see ch.8)
that a, tends to O quite rapldly. However, not & single (Pk of this
sequence gilves an approximation essentially better than
log t-log 1log t + 0(1).

In some sense log t-log log t is the limit of this sequence
?O,QH,WE,... If we now start the Newton method anew, with wzz
=log t - log log t, we suddenly get much better approximations.
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Actually it nmeans that we consider the small-paramcter casc (2.4.6),
starting with zero> as o flrst ﬂpbraximatiwn to w.

We leave it at these casunrl remarks; our main 2im was to stress
the et that in nany ~sympcotical problens it 1s of vitel importance

to start with a good conjecture or 2 good first approximatlon,
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3., Summation.

n

3.1. Introduction. We shall consider sums of the type %;% a,(n),

where both the terms and the number of terms depend on n, We ask for

asymptotic information about the value of the sum for large values
of n., In many applications, ak(n) is independent of n, and actually
several of our examples will be of this type, but the method by
which those examples are tackled are by no means restricted to this
case,

It is of course difficult to say anything in gencral. The
asymptotical problem can be difficult, esgucially in cases where the
ay are ngt all of one sign, and where 2:1 ak(n) can be much smaller
than 5:‘1 ‘ak(n)x. On the other hand, there is a class of routine
problems arising in many parts of analysis, and to which a2 large
part of this chapter iz devoted: the cases where all ?k(n) zre of
ane sign and where morcover the ak(n) "peh~ve smoothly"., We shall
not attempt to dcfine what omoothness of hehaviour is, but we merely
F1ve 2 aunber of examples. These €211 undcr four headings a,b,c,d,
Tccerding to the location of the termz which give the main contribut-
ign to the sum., The major contribution can come from
a). A comparatively small number of terms =2t the end, or at the be-

ginning.
D), A s1ngle term at the end or at the bheginning.
cY. A comparatively small number of terms somewhere in the middle.

In case d. there is not such 2 small group of terms whose sum
dominates the sum of all others.

n
3.2. Case a. Our first example concerns the behaviour of g8,.= Z:K;_,} k’3.

o0
A first approximation to Sy is the sum s= 2:4 k'3 of the infinite
x>

series, and the error term is - 2. k“3. For this last sum we

-0 n+1
easlly obtain the estimate 0(n~ "), e.g. by
K O3
<O O
-3 =340 _ “34t = in~°

(3.2.1) k2 < an fk_1 £ 34t _£ t77dt = n7%,
and therefore
(3.2.2) s = s + 0(n79).

Results of this type are quite satisfactory for many analytical pur-
poses; it should be noted, however, that from the point of view of
numerical analysis nothing has been achieved by (3.2.2), unless we
know the value of s from some other source of information. The numer-
ical analyst would prefer to evaluate explicitly 2;:1 k—B for some



n
suiltably chosen value of m, and to estimate = k—B.

Formula (3.2.2) can be improved by refinement of the argument
that led us to (3.2.1), i.e. comparison of the sum with the integral,

We shall return to this techpique in secs. 3.5 and 3.6,

Our next example 1is 42:1 2klog k. In this sum there is & relative-

ly small number of terms at the end whose total contribution is large
compared to the sum of all others. If we omit the ast [log n] terms

((log n} denotes the l“r"cst[intbﬁfr 1og n), the sum ¢f the remain-

ing terms is less than oo g of-tog 0t log
=2n+1n-1

n =
log n, and this 1sﬁmuch smaller than the n-th term.

We notice that, if k runs through the indices of these signifi-
cant terms, then log k shows but little variation. We therefore ex-
pand log k in terms of powers of (n-k)/n, and in doing this we can

casily afford the range $n< k ¢n, We shall be sntisfied with
=T 4 0(n®n7%) (h=n-k),

which holds unifornly in 4 (Ogh<3n)., We now ¢vhlucte

logsz Wt = log n - hn

k 50
Z'}«&k(%n 2%log k = 0(22 'log n),

K D+ . kn.
Zlﬂ(kSn 27 1log n = 2 log n + 0(2‘_ 10g n)’
Z %o -1 o0 57 -h i
“lnckgn © -0 =10 02 .27+ o(22")

<o
0(h%n™%) = o(2" n?) . T 27Pp®,

zlnsk<n2 n="

L
N . n - X . =10
The main crror term is 0(2 n 2); the terms involving 227 are
nuch smaller then thils one. Our result 1s

n <0
2" 2:1 2¥ log k = 2 log n - 07 5:1 h.2™? 4 O(n'g),

and it is not difficult to extend our -rgument in order to obtain
A
an asymptotic series in terms of powers of n” '

-0 zzk:ﬂ ok log k - 2 log n n»cqn'1+02n’2+c3n—3+... (n=»o0),

h=1 ~

3.3. Cas¢ b, We are often confronted with sums of positive terms,
where each term is much 1arger than, or anyway not much smaller than,
the sum of all previous terms. Our example is Z:kiﬂ k! Dividing by
the last term, we fincd that

1 1 1
n Ay Y RmsATmEen)

sn/nl = 1 +
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If we stop aftzr the 5th tirn, 57y, we neglect n=5 terms, cach onc of
which is =t most (n-5)!/ and 80 the ¢rror 18 O(n“u). But the 50
term 1tself is O(n” "), 'nd th ¢fore

AT n(o-1y * REenmeeT RS

, -
If we so wash, we can expsnd these terns into posers of no '

8 /n‘ At = O(n'a)
- n ' 2" "3 .
¢l I8
Replacing the number 5 by sn orbitriry intepcre, we easily find thet
there 18 on agsymptotic cxphonsion

(3.3.1) ﬁn/ﬂithﬂaq + an‘q + cqn'e+ e (noe ),

This scrics 1z not convergent, that is to say, the series
00+01x+02x2+,.. docs not converge unless x=0, For, the coefficicnts
cxceed those of the expangion of

2 3 1

c X
. X

x e
LR i S s i BRI Py s & 3 53 BE

in terms of powers of x. It follows thnt the infinite secries in (3.3.1)

diverges at x:k“q, and this holds for any valus of k.

There 1s usuclly no reason to try to obtain an explicit formula
for the coeflicients of a2 divergent-asymptotic series, For practical
purposes only 2 few terms of the asymptotic serics will be needed, and
for nearly =11 theoreticnl purpceses the meére cxistence of an asymptotic-
series 1s nlrcady a satisfactory result. So it is only for the sake of
1= .dk (k 0,1,2,...), where the d

curiosity that we mention thot Cls
rre the coefficicnts in exp(e 1) = 2: d x . We leave the proof to
e

k

the reroder [Iilnt: first prove, e.g. by 1ﬂduution, that

O

o Ly e k+1
-v/x o (e -1 R X 1
J“ * W= TR TR (0”“'&‘)}

O

The asumptotic behaviour of dk’ 23 K3e0, Will be studied in sec.6.2.

3.4, Case ¢. A typical example is

n 2k 2
s, = Z:kzﬂ ﬂk(n) s ak(n) = 2° {n!/kl(n-k)!} .

We have “k+1(n)/ak(n)={2 (n-k)/(k+1}}2. Hence the maximal term occurs

°t the first value of k for which 2(n-k)< (k+1), that is, at about
k=2n/3.
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We noticc thrt in this crsc, contrary to our previous exzamples,
the sum is large compored to the vhluc of the noximal teem. For, if
We move K in 2ither direction, starting from the maximal term, then
mk(n) decreases rather slowlv (r is considered to be fixed). It can
D¢ shown by vorious metheds, e.g., by the Stirling fermulz for the

factorials, th‘t the number of terms which ¢xceeed
3

P

ma X ﬂk(n)f is of
. If, however, lkogn/B‘ 1s nmuch grentcr than n?, thun
I is very small compored to the naxinum, and =180 the total contribut-
ton of these terms is rolotively smell. Therefore we have to focus our
attention on regions of the type [k-Qn/3;< én%. We shall not zo into
this matter now, as the easiszst method conslsts of compzrison with
integrals, oard the integrals which ~ritue, 2re of the type of those
studied in ch.b4,

the order of n

3.5, €ase d, As o f{irst “xomple we toke ;k;wg. The .deal technique
for dealing with » crose as smooth 28 this one o muiven by the BEulcr-
Maclaurin sum formuln, Noverthele we sholl stort with @ more element-
ary method, which can be appllnd in less gular cascs as well,

There are 8wo steps, First npproximote ﬂk by a sequence U, which
is such thot E: 4 Yy is explicitly known; the approxination has to
r= ) -
be stron§ Lnoubh for zzq (2-u)) to converge. The sccond step deals
with T #_1 (“k-uk). The first 2pproxim~tion to this sum is, like in

[¥]
36¢,3.2, the infinite sum S Z:kpﬂ (ak—uk), and we have

n ¢ : =]
(3.5.1)  s= & goy = Ty g u w5 e Ty alueny).

In the 1lnst sum we try to approximate U=y by a sequence vy, such

O
that EIM1 v,, 1s oxplicitly known, and such thet 2

known to bc sm~1l, This procedure can be continued,

er",‘(L‘%—bk--vk) ig

The wetk poirt in the procedure 18 that in generrl there is hoprdé-

1 any infTormntion askout the volue of 8. The situntion is not os

Ti0us 1§ 1n (?.4.2), for in (3.5.1) the major contribution is not S,
b
Sut the sun &

4 Yy who?u volue 18 known,
In our cxamplc ﬂkzk We cap Obt“ln 7 first approximation to the
2. 3/2 ,
w8, by taking thv 1n r l~£ 5"ﬁt = ? . If we now try to take
Uy such that 5: = Sn 2, we still foal. For

r, Ao

{3 372 g(k_q)B/z}

is not et the k-th term of o convergent series. On expanding

(1= k'q) into powers of k -1 by the binomial scries, we find that
the expression (3.5.2) is E’k i O(k»3/2), ane L k7% diverges. But
we can §gain approximate the partial sums of Z:k'% by an integrel,

viz. 2ne, If we now toke
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: Y = UmUy_gs

we ensily obtain thokb

2/ &
(3.5.3) u-ry = 28+ 022

Whence E:(ak-uk) converges.

In the second step we hoave to 7pproXim te To Up=fy, RY A SEQUENCE

KN —
V... We first take ok =V, =1 -V, wh_Fc szk“z/Zu,zﬁn+1 V=V Sugges sted
by the anugr.l_f (t“ 2/ 8) =n"2/24, We so obivn
1 3720 Lk L. LA -k -3/2
(3.5.4) 2:234 k2 % T AT + S b 2 + 0(n 3/ ).

The term O n'3/2 con ba roeplee:2d by on nagymptoticnl geries, for the
i > b 3

précess coan be carried on ond wWoe cAn el esnmany tems as we please,

To this ¢nd it 15, of cours., necessary to refine (3.5.3). Thnat is

3/2

the oxpsnsion converges 1f k >1.,

ensily donc, for (uk—ak)k can be expanded into powers of k’q, and

We next ask for the value of S, We obviocusly have

r o / , X
kP g S(k-1)7/% S-1)7)

{3.5.5) S = k=1 { 3 2

but 1t is possible to derive o simpler cxpression,

The method depends on onnlyticity propertics, and thercfore it
18 not generally a2pplicable,

We first generalize (3.5.4) by introducing o complex parameter z.
Instead of (3.5.4) we obhtrin, by the same method,

(3.5.6) ZD_. k7 =n"P1-2)7 +inPe 5(2) = 0(n7FTT) (nesee),

1f Re z »-1,2#1. Here S(z) is the sum of a convergent series, analogous
50 (3,5.5)‘ Furthermore, it is not haré to show that this sum 1s 2n
“nalytic function of z in the region Re z > -1, z#1. If Re z »1, it
répresents the Ricmonn zetn function § (z), as can be seen from (3.5.6)

oy making n-—e . Therefore S(z)= S( in the whole region,

\J‘ ™

Especially, the vilue of (3

s(-2) = S(=2) = - §(3 /
The latter equality follows from the functional equation §(41-s)=
~p1-8 TP (s) cos 2ms ((s)

) 1
5) 1
) 7k

*

3.6, The Euler-Moclaurin sum formulz. Our considerations of sec.3.5

were meant to dcmonstrrtc n method, rather than giving the shortest

way to deal with 2: k2, It secems that the shortest and most efficient
way of dealing w1th such cases depends on the Euler-Maclaurin sum
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forrwla, We do not durive the formuln here, 28 it is incorporated in
most textbooks of advanced annlysis,

The formula rends s follqma. Let B ,Eq,... denote the Bernoulll
nurbers, defined by z/(c¢%-1)= Z'O B, Z /n. (whence By=1, qu—é, B,=
=B e BysBg=Bo=...=0, By=- 7% , BG m - Furthomore, B (t)
denote the Bernoulla polynoninls, defincd by :m‘rt/(a -.)::Z‘: Bn(t)zn/n!
Let {(x) have, for x ;1, 2t lenst 2m continuous derivatives., Then we
heove

(3.6.1)  £(1)+...+0(n)= {f Jdx + C + 3£(n)+Byr(r) /21 4B, 0" (n) /4 1+
tooot By 00 (1) /(2m) 5q (8 (x) B, (x- [ 1)/2m)iax

In this formulr the number C does not depend on n (it ¢an be determined
by taking n=1), 2nd {x] denotes the lrrgest intoyger € x. It is known
that 152m(x)'g’ Banl (0Osx<1), nnd tnis gives 2 satlsfactory estimate
for the integral.

If f{x) is such thﬂt\g f(gm)(x)‘ dx converges, we immediotely
have an asymptotic formula:

(3.6.2)  £(1)+...+0(n)= f Jax + seit(n)+ Lo, By 03 (n) /(2k) 14

o J o) () ax),

where

{3.6.3) sagfta)—BQf’(w)/ez—...-Bgmf(zm“)(q)/(em)s -
S 202 4y B, (x=[x])/(2m) 10x.
1

3.7 A further cxamplc. Let 2 be o complex number, and f(x)nx'zlog X.
Then (3.6,2) can be applied if 2m > 1-Re z:

n
k" %log k = J‘ x “log x dx + C(z)+n"%log n+R(n;z),
g

n
k=1

where €{z) depends on z only, and R(n;z) has an asymptotic expansion
“ B " ? B - L

R(n;z) ~ §$ (n"%log n) + Ei (n""log n) +... (n=>eo),

The accents denote differentiation with respect to n.
As in scc.3.5, C(z) can be determined by an analyticity argument;
)

we obtain C(z)=-(1-z) "= §'(z). The special case z=0 gives the Stirling
formula for log n!, as g%0)=—%log 27T,

3.8. % rcmark. Roughly speaking, the Euler-Maclaurin method does not
work if the largest term 1is not small compared to the sum of all terms.
In that case one cannot expect the order of f( }(n) to be lower than
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the one of f(n), and so the Hulcr-Mrclaurin formula does not give
anything better than £(1)+...+f(n)=0(f(n)). One con illustrate this
n

by the exemple 2:1 k! of scec.3.3.

3.9. The Euler-Maclsurin method ¢an n11so be applied to sums

ZQ_,] e n) where the terms depend Hotna on kK ond n. There 18, how=-

¢ver, no point in passing from (3.6.1) to (3.6.2) in that case, for

then S will depend on n., An unsnecliicd constont may olten be toler-
~ted in an asymptotical forrauls, but hnving en unspecificd function

of n Just meang heving no formula 2t 211, There are some cases,; how-
ever, where J\ f(em)(x Bgm(x-(x])/(ﬁm):dx roises no difficulties,

the reason being that“& l??ﬁﬁ)(x)]ﬁx L relotively sm2ll,

, . -1 _-k%/n
As an example we take s =2, ¢ ,

2 . N TN = ""X‘-O( n
constant. The Euler-Mrclaurin {ormul~ gives, 17 7(x)=c / ,

where o€ 2.7 positive

(309.1) S, j(jnf(x)dx*}ff(h)*'%f("7“)“”52{53'(»’3)-?'(-!})}/211-_ .
+ B’Bm{i (?'Tyl'q)(n)-f(zl"ﬂ"q)(—h)}/(em) LR,
where

(3.9.2) Roe-fl e ) 5, - pa)/em) o, |ny Lemg 51 e B v

n oo L

The firat term ~]1n f(x)dx equals J:mf(ﬁnﬁx)ﬁ, apart from an error
which 13 exponentlally smnll. The other terms of (3.9.1), apart from
Rn’ are all exponentially small because of the fact that every
derivative of f(x) is of the type P(x)f(x), wherc P(x) is a polynomisl,
So everything depends on whht we can do about Rm% i

It is not difficult to show thet QRM‘<:Cm n 7, where Cm is

positive and independent of n, so that, for every m,

(3.9.3) s, = (an/e)? + o(n™™™)
3.10. In the cnge just mentioned we sccldentally have direct inform-~
otien from another source, viz. 2 thets function transformation
formula, which gives 2 very good estimate, It 1s therefore interesting
to compare this one to the result of the Euler-Maclaurin method.

For convenience we discuss the infinite sum instead of the
finite one. (The difference between the two is exgonentially small),
Writing down the annlogue of (3.9.1) for 2:§N e” o/
N— oo, we obtain

, and making

oo e—k%x/n
o

(3.10.1) 8= & __

_ («n/g)i‘?- o f(gm)‘(x) B, (x- 03 )/(2n) tax,

We denote the latter integral by R*; it follows from (3.ﬂ0.1) that R
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does not depend on m. What we shall call here the Euler-Mzclaurin
method consists of estimating

(3.10.2) ln'l < Tﬁ%’.‘ ”f!f‘fl"”ax;‘ dx

and choosing m such that the right-hand-side is minimal,
The theta tranzformation formula reads
o a' o5 - 2 2
Z‘ e-k‘?oﬁ/n - («n/“);g Z’mﬁ‘ kSt n/ot.,
and therefore

(3.10.3)  -R” = 2fn/e)? © -4nfoy

+ 0 wﬁa

We shall now investigate whether (3.10.2) can give anything as
strong as this. As we remerked in sec.3.9, (3.10.2) gives immediately
that, for every m, we have R*:O(nq'm). For m fixed, this 1s very much
weaker than (3.10.3), but by t king m to be a suitablc function of n,
we can obtain a better result., There 1s of coursc no hope of proving
(3.10.3), but it is intﬁreqting to see that the Euler-Maclourin
method can still show thwt g =0(n e -res nA:"), estricting the losses to
the unimportant factor n° N

fn substitution x=y(n /2«)° we first obtain
2

; = 7 . N=5 d \e2n
(3.10.4) I {2 0)|ax = (aym)t [T ()2 o2

12
"nd if we ~dopt the definition H (v ):(4)k 2V (d/dx)‘ € ~J for the
HCPH%tu polynomials, the 1nte5rand in the latter integral 18
-5y©
,H?m )]
U.ing the integral representation

2
Lk o 2 ik
Hy (V) =(2m)72 JloO(y+iu) M ™24 gy

y:‘f(em)(x)‘dxs NW)“‘ f f_me% yZeu )(yzwz)m du dy.

Introducing polar coordinates in the u-y planc we easlly find that
the repeated integral cquals 2m+1

The factor ‘B ‘/(Qm ! occurring in (3.10. ?) is known to be equal
to 2(2+t)” ~em 3(2m), “nd therefore 1t 1s <« C(Efﬂ , where C 18 an

absolute constant., It now follows from (3.10.2) that

¥t 1)

|8 < c(2m)™2" (2a/n)™F 2™ em

Using Stirling's formula form! we infer that there 1s an absolute
constant C1 such that for all m and n

(3.10.5) ‘H*\ <C, @xm/«ene)m (nm/@u)%.



1t 1 nﬂw the right moment {or fixing the value of m. The minimum
of «xtém nb) 3 easily seen to be cttained at t=fé%ﬁx, and the value
-:1’2

is . How“ver, m has to be an integer, and so we shall take m=m =

= Eﬁ n/og. In order to acalyse the difference 1t makes, we put
Y (p) = plog pfPe)

whose minimum is sﬂgﬁx, 2ttained at{O IR Ax. We have @ (po) , and

henee  Y{m_/n)= \%£ﬁ6+0 1)} —o e+ O(n 2). If we now choose m=m_,

(3.10.5) becomes ﬂ?nﬁx)

R*= o(ne” (n —>o0),

1 11, Alternazting sums. An alternating sum is 5 sum of the type

Z:(-ﬂ)kf(k), where the (k) 2re positive. Ve usu2lly expect such sums
to be small, that is to say, much smaller than the sum of the absolute
values of the terms.

We can of course wrlite
2m+1 K A7, m 4 m N
ST r(k) = S Tlek) - S r(2k+),

and investigate both suns on the right. Usually these sums will be about
equal, whence it 1g desirable to study them quite closely in order to
have sufficlent information about their difference.

In most cases, however, the easiest thing to do, is to take pairs
of terms together:

SEE (0 o0 = DR (st}

and these terms f£(2k)-T(2k+1) will usually be small.
A8 an example we ftalke the infinite sum

| oo 2,273

(3.11.1)  s(e) = Zo o (-0)F r(k) L, o(x) = (£F#5) 7,
and we ask for the asymptotic behaviour of S(t) as t —soee. The function
F(x) x5 decreasing, and tends to zero as X —>e. Therefore the sum con-
verges, and we have, by a well known theorem on alternating series
0<3(t)<f(0). Thus a rough first result is that s(t)=o(t’1).

We next write
s(t) = T o {f 2k) - (2k+1)} :

We shall, of course, compare the difference with £'(2k), and after that,
o0 o0

we shall compare the sum -& [ f'(2k) with the integral ~%j; £r(x)dx (the

factor 4 arises because 2k only runs through the even numbers.) We can

earry out these two operations at the same time, comparing
2k+2
r{2k)-r(2k+1) with -3 i f'(x)dx,

Using the Taylor scries, we can express both in terms of f£(2k),

£'(2k),... . We have, if we stop the Taylor developments at the terms
¢ "

involving £V, Skt

f(2k) - £(2k+1) = -©£'(2k) ‘J;k

. 2Kk+2 2k+2
i ' - P!
aj;k f1{x)dx r'(2k) - oic

(2k+1-x) £"(x) dx
(2k+2+x) £"(x)dx
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On subtraction we find
2K+2

f'(x)ﬂx’ ajék !f”(x)tdx .

In our case we have f(x)—poo, 28 X->o00, and theraefore
2k+2 ©o

E:;;O ~f2k 21 (x)dx =J; £1(x)dx =-£(0).

It follows that

2k+2
§

(3.11.2) |£(2x)- £(2u41) + & e

<o

Iste) - % r(o)f< & § £"(x) ox.

We have f“(x)=(2x2—t2)/(x2+t2)5/2. W transform the integral, substi-
tuting x=yt:

j&jf”(X) ax = t"gjﬂjﬂ~2y2\/(4+y2)5/2ﬂy,
ot ()] .

and the latter integral is easily seen to be convergent. Therefore,
(3.11.3) gives

(3.11.4) s(e) = 3+71 & o(e79) (t—300).

The process which led to (3.11.2) can of course be continued: in
the next step we use the Teylor expansions up to the terms involving

c{x), And in order to L%&mln”tt the term involving £"(2k), ws subtract
+2

a suitable multiple of ﬁf f'"(%)dx, in the same way as we eliminated
5 1
-f'(2k) by subtracting -% 2${+2f%x)dx We then find

2k+2

2k+2 dx~lrjeK+2“ Xlsc o lf"(x ‘ .

(3.11.5)  |r(ex)-r(2ke) iy, s
(v
As J; f'"(x)dx=-f'(0)=0, we now obtain, in the same way as above
(3.11.6) s(t)= 377 + o(+77) (5 —o).

The fact that no term t'g occurs is due to the circumstance that
f(x) is even, and for the same reason the coefficients of t'B,t’
will 211 vanish. In order to show this, it is easier to put the series
in the following form:

S(t) = 367 4 8 T (c)E £(u).

K==~ o0

Applying (3.,11.5) to Z:?OJ, we obtain

S(t)-3t7 "= [T rr(x)ax - ¢ S e(x)ax + 0(f7 £ (x) ax).

As £(x)=>0, £'(x) = 0, £"(x)—>0,... 85 X e , We have

fl £1(x)dx ~‘f; JLt(x)a J:oo’” (x)dx =...=0,

Furthermore it is easily seen, by substitution of x=yt, that
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Sl ™ okx = o(t™) (5 ser)

for vvery fixed m>» 0., Now it is sufficient to have only a general iden
about the continuation of the process which led to (3.11.%) and (3.11.0)
in order to see that

1 -2 3 -4

(3.11.6) S(tyevdt™ + 0.7 + 0.t77 + 0.7 +... (t »ee),

It may be remarked that the general formula of which (3.11.2), (3.11.3)
avre special cases, is related In o trivial way to the Boole sum formuls,
which we shall not discuss here,

With (3.11.6) we have the same situation 23 in sec.3.10. We expect
S(t){»;t"q to be exponentinrlly small, and by a careful inspection of
the above argument, including estimntes holding uniformly inm and t,
we mipght te able to show thig, olthough the formulas become quite
awkword, But even then we would have only an upper estimate for
S(t)—%t'q, and no asymptotic formuln, like the one we shall derive in
scc.3.12.

In many textbooks the Euler-M-clourin rormuls is derived from the
Peizson aum formuln, ~ad actually 2 similar proof can be iven for the
Boel:s formula, Quite often, however, 1t happens that Poisson-formul2
itself ives better reosults than BEuler-Meclourin's or Bosle's (unless,
of course, one does not interprete these as inequnlities, like (3.10.2),
but as equalities, 1like (3.10.2); in the latter case one can return to
Poisson by Fourler exponsion of the Bernoulli polynomials.

3.12. Application of the Poisson sum formula. The formula rencs

Z* @‘Zﬂ'vif* et

5 B—Qﬂ'vly f(

(3.12.1) T flken)=

. y)ay.

-0
where x is a real number, f£(x) is Riemann integrable over any [inite
interval, and

W ) N
E:w denotes limyg . zzv:-N .

The following set 5f conditions 18 cosily seen to be sulfilcient,
(53
(1) z:km_w)f(k+x) converges uniformly for Cg xg 1.
(L1) The function ¢(x)=:£;:;f(k+x), which has the period 1, satis-
fics the Fourler conditions (that is, &(x) is the sum of its
Fourier series), at least at x=a.

For, condition (i) enables us to carry out the following operatlion
with the Fouriler coefficients of t#(x):
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,-1 .
J; pme VY ¢(V)ﬁy:

T o D 1
s J(; ka_me At LY f{,a¢¥>q\/ h*—m f
f'kM -2 viy. © L2 iy
”§?m~—m K e f{y)dy = Jtm e f(y)ay.

The 1ast step 1s legitimnte, as (1) implies thot
k+t N
J; e Y foyay o 0
28 Koo, uniformly irn 0¢t g1.
The following set of conditions can be shown to imply (1) and (11):

(vi1) &7 f(x+) converge
(1v) Jt(x) exasts (-oe< X <¢o0),

(v) Ef?oaf‘(k+x) converges uniformly in Osx 1.

For, (1ii)+(v) :mply (.), (2pply the mean value theorem to finite sums

2:§N f(k+x)) and (v) snows that (b(x) is differentiable everywhere,
whence 1t goatisiees the Fourisr conditions,
Another sct of sufficient conditions 15 (111)+(vi)+(vii), where
(vi) () has bounded totnl variation over -e < X <oo ,
(vil) e {3(x¢h)+f(x—h)} =2f(x), ot least for all x of the form
2+n, where n 1s ~ny integor

Wooocoanpie that “rom (Jii)+(vi) one can deduce (i), as well s the fact
ot P (x) has bounded total variation over 0% X €1: (vi)+(vii) cen be
used fo show thot limy o fd(a+h)+ ¢(a—h)} =2<p(a). This formula, in
conbinntion with the fact thot (b(x) has bounded total variation leads
1gain “o (1i1).

A 1t ls not our present aim to develop Fourier theory here, we
leave .t =t these briel remirks,

W sh~1ll neply the Poisson formul® o the function sum

o - 2 _3;;
(3.12.2) S.(e) = & (), f(x)= (xR,
whence, by (3.11.1)
(3.12.3) 5(t) = st7 1 4 18,(t).

The number a occurring in (3.12.1) has got the special value 0O
here, and 1in applying (3.12.1) to (3.12.2), t is considered to be a
fixed positive number,

The condition (vi) is not satisfied, but the set (1ii)+(iv)+(v)
is, Condition (iii) was already checked in the beginning of sec.3.11,
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and (iv) is trivial. In order to show (v), we write

-3/2

, e .
-nlx( 2 2) 2 xéﬂlx(x2+t2) |

fr(x) =i e X"+t

We take two positive intcegers N,M, where t < N<M, and a real number
x in O0g¢ x €1, Then we consider '

_1

S0 Oi(aek) = & ZﬁzN(..q)k{m.((xm)%t?) 2-(x+k)((x+k)2+t2)—3é}

The numberg {(x+k)2+t2)-“% form, a decreasing sequence of (M-N+1)
positive numbers, and the same holds for (x+k?{‘x+k)2+t2}'3/% (For
the function y(y2+t2)'3/2 decreases from y=2 2t onward). We now use
the following well-known theorem. If any sequence CINPRPRPL gsatisfies

M
AN> Bypq > oo 28y » C, then we have

NI ‘{ ~ .~
‘Zl (=1 e l‘*-N'

-
{=N

Iz follows that

-3/2 1

M . 4 - )
‘ZkzN f'(x+k)lg(N¢+t2) 2 b N(NetE) <2oNT,

As this holds uniformly in x (0<x<t), we infer that, for t fixed,

E::’f'(x+h) converges ur..formly in O0<€x <1. Thce same thing can be said
about E:ioo, and so we have proved (v).

We can now apply (3.12.1) to (3.12.2); the result is that
w* o3 N - -—J'—
J:“’G-Eftv1y+~ﬂly(y2+t2) 24y,

anc 8o we have to study, for b=+vC, +34T, +5% ,...,

(o] oy __-l-
O(b,5) = J”m)ebiy(yL+t2) “dy.

Jn osubstitution of y=tx the integro1 becomes
i

. co . A L
(3.12.5) b(v,t) = [ e”T (x%e1) Fax,

e D

N
and on substitution of x=-x we infor chot ¢ .8 an even funection of b.
The iategral is a Besscl function of zero order, of second kind and of
Ln2einary argument, and in the standard notation (see Watson, Bessel
functions, p.172)

P(b,5) = 2 &_(bt).

(]
We shall, however, not explicitly usc the theory of Besscel functions
herc,

The integral (3.12.5) can be transformed in a well-known way, by
Cauchy's theorem, If b >0, we can deform the integration path (—ac,aa)
into a path leading from ice to i along the imaginary axis, encircling
1 1n the positive sense, and finally back from i to leo, It results that
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oo Ly ” 2L 21 - e -
$(5,t) = 2J; ¢OY (2R 01) H a6 ”?jz”ﬂ btz (,2.02)2az

We have, 1f t 1, byw

L \ @

Fok o ) -t - il __*»
J; @-{‘"t’i('f’f"'-pgz) e < fh . 9Tz 27edr = 1,
. -hL . .
and 80 !¢(D,t)‘ < 2¢ (v 2w £27), So .. (3.12.%) we hove

Sq(t) = 4)’1': + 2¢ T)"‘ »
and therefore
(3.12.6) 5.(t) = 2 ¢lm,t) + o(e™7)

It remaine to find the asymptotic behrvisur of ¢( t), which is
guite easy. If we berr in mind that 1f t is larze, the integrand of

3 q i P
J; € bt“(”“+? )7 dr ois verylﬁmﬂll for z >1, 57y, 1t seems worth whille
to develep the factor (z+2)7¢ into 2 power scr.es
-% -4 oo n
PO B o7 =
(3.12.7) (2+42)™2 =272 2, ¢ (cg=1)

valid for Ogsz g2, with ¢ :ﬂ We breok off somewhere, that is, we
choose an integer M >0 ﬂrd we deduce that

1
(3.12.8) (2+z)7=-2 Z: c, 2" < ozl

where C depends on M only. This holds for all z 20, if C is suitadly
chosen: in the interval 0< 2 ¢4 1t hclds by virtue of (3.12.7), and
in 1< z<eo it holds because each term on the left of (3.12.8) 1s
Q(ZM , while the number of terms is lixed.
Now using (3.12.8),we obtain

?(ﬂ':t) s

i
PO
pos
}
b1
ot
o
L%
(e )
l
3
ot
™
3
O
:5
23
+
O
o
&3
=
L=
]
i
ol
[e?
N
il

it
no
o

™ (one) 2 {Zif; TPlos)ae ™+ o(e™}

This means thot we have an agymptotic series for q)hw,t). For
svery M, the term 0(e™ITY) in (3.12.6) 18 o(e ™ Fg=-M)
S (t) has, apart Trom the factor 2, the same asymptotic expansion,

- ")
So our final result is, as cn~(—1)n” 3’0(21'1) (nt)™"

5(5) =5t 1=E5,(6) me VT ()P0 (20) 1) 2 (01) P (noveo).

s énd therefore

3.13. Partial swmation, We often meet the question of the aaymptotical
,‘r,(q)+.. +a b( ), where the behaviour
of a,+...+a  1is known, and where the functxon b(x) behaves smoothiyw

Yehaviour, a5 N, of 2 sum a
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Then we can usually ecpply the partial summation formula
(3.13.1) aqb(1)+.,.+ﬂnb(n)=(9q+...+ﬂn)b(n)—
[éq(b(Q)—b(1»+(aq+ﬂe)(b(3)-b(2))+....(aq+...+an_1)(b(n)-b(n—1ﬂ .

It has some formal advantages to write the formula in terms of inte-
grals. We assume; for simplicity, that b(x) hzs 2 continuous derivative,
- ) 0 — -

and we put Afx)= E:qs e x Pu

(i.e. A(x)=0 if x< 1, A(x)=91+...+aﬁq
if x21). Then (3.13.1) becomes

(3.13.2) aqb(1)+...+8nb(n)=A(n)b(n)~~gn A(x) o' (x) dx,

that is, a specilal case of the formula for intezration by parts in the
theory of Stileltjes integrala:

(3.13.3) «En b(x) @ a(x) = [}(X)b(xﬂjq - J;n A(x)d p(x),

9]

but we need not discuss the concditvions for (3.13.3) in general,

We shall discuss an example from the theory of primes. We take an=log n
if n is 2 prime number, =nd 2.=0 otherwise, Then 4(x) is the function
usually denoted by J(x), and we can write J(x)= E:psgx log p. It is

a fundamental and far from trivizl result of the theory of primes. that,
for eaeh m (m=1,2,3,...), we havce

(3.13.4%) J(x) = x + 0(x(log x)™™) (X = o0o)
Now many othcr sums involving primes, as E:p<:x p“1’§:p<.x p2,
§:F%sx 1, can be approached by partial summation. We consider §:p<x/l’

l1.¢. the number of primes not exceeding x, and usually dcnoted by (%),
We have, by (3.12.2),

(3.13.5) (%) = J;jg (log u)_q dJ(u) = x(log x)‘ﬂ J(x) -

3/2-3(1,1) d(log u)'q.

(We have replaced the lower limit by 3/2, since (log u)'q is singular
“t u=1; it makes no differencc, 28 J(u)=0 for u<?2). We compare this

with X ¥ X -
fb’/e (rog w)™" v = [(200 ’“’)4”]3/2 'g/o u a(log u),

On subtraction we obtoin, using (3.13.4),
X
(%) —¢g>2 (log u)”qdu = (log x)'1 0(x(log x)™™) +
x m 2,.-1
ﬁjf O(u(log u) " )(log u) “u" ' du
L O ) (108 )
The integraicn the right can be written as

r X 1 o
) _ -m-2
J;/Q 0(1)3du +J;% O{Klog x2) }du = 0(x(log x) ),
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and thercfore
X A
1T(x)—J;/2(log u)“l cu o= O{x(log X)—m-ﬂ} (X = e0).

The integral on the left con ¢78ily be exponded In the form of 2n
agymptotic series (cf. (1.5.5)), 2nd we infor that

= e 0 - A - " -
(3.13.6) vo(x) ~ x log % ¥ x 1o % + 2! x log ox ¢ 3! x log ux oo
(x ~»00).
Mcanwhile we notice that (3,13,4) is ar example of the situation
Jeseribed in sec.3.9 and 3.11, Agoin there is an asymptotical expansion
with zerc coefficients:

P A

oY S(y)uﬂleo.y°1 + 0,y + 0.7 + ... (y =o00),

but in this casc the oucstion 23 to whether the left hand side is
exponentinlly small 18 3£i1ll unsolved,
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4, The Laplace Method for integrals,

4.1. Introduction. We shall consider integrals over real intervals,
where both the integration interval and the integrand may depend on
2 parameter t, and we shall ask for the asymptotic behaviour of the

integral as t s, We can, of course, extend the interval to the
whole line (-co,c0), by defining the integrand to be zero in all
points outside the original interval. So we have to deal with

oo

(4.1.1) F(t) = J £(x,t) dx (t = o0)

-0
It often occurs that the graph of f(x,t), considered as a function

of X, has somewhere a sharp peak, and that the contribution of some
neighbourhood of the peak is almost equal to the whole integral when

t is large. Then we can try to approzximate f in that neighbourhood by
simpley Punctions, for which the integral can be evaluated. This 1dea
is due to Laplace. The advantage 1is that we only need to approximate

in 2 relatively small interval,

‘ It 1s by no means necessary that the peak be sharp, nor that 1its
legalization on the x-axis be independent of t. For, both width and
localization of the peak can be controlled simply by a substitution
¥=ay+b in the integral,.where a and b may depend on t.

A simple examwle of the method was already given at the end of
see.3,12. As a second example we roughly sketch how to deal with the
integral

® _x® 2
(4.1.2) P(t) = [e™* log(1+x+x“)dx,

If t is large, the integrand 1is very small unless x is very close
to @, The function log@1+x+x2) can be succesfully aprroximated by
Simpler fﬁnct}pns if -3< x< 5, say, and therefore we first try to
prove that.jr zndu[&°are very small, Next we remark that

4 L

: f
1og(1+x+x2)=log {(1«x3)/(1—x)} = x+§x2-2x3/3 + O(xu) (-5<x<3).
Se we are led te approximate F(t) by

1
5 2
(4.1.3) ché? e"tx'(x#%x2:2x3/3)dxo

-2

It may be remarked that the terms x and —2x3/3 give ne contri-
bution at all to this integral, these functions being odd.

As e"“"‘-2 is very émall, it is possible to show that it does not
wake much difference if in (4.1.3) the integration is taken over
(-o0,0) Instead of over (-3,3).

In the above argument the idea of comparing (-oo,e0 ) with (-3,3)
occurred twice, It is, however, possible to present the method in such
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2 way that this cutting-off 1s scupprezssed entirely (though it is not
nlways practical to do so): Put

10g(1+x+x2) - x—§x+2x3/3 = o(x).

oo 2
Then we can show that Jr e_tx 2(x)dx is small, by virtue of the

NS

estimate I
g(x) = 0(x") (-o0 < X <00 ),

Pubting tx=y, we infor that

o0 O

2
Jﬂe—tx «Fax = t—B/E\/A eV y3/2 dy = O(t_B/e) (Oct <o),

|')
Tt 2 3/2 [ -y 3/ 2
As ~jhe x° dx = & “\jﬁ e yedy = 5t e (t>0), we infer

-—G

that D

1

A -
(h.1.4)  B(6) = 4 73/ 4 0(s75/2) (t o).
* _tx° _k
The integrals of the type uf e x dx will occur quite aften;

- 00
for future reference we give some formulas herve, If k is arn odd positive
integer the integral vanishes as the integrand ig odd. If k 1o wven,
[
the substitution tx“=y leads to a gamma integral:

co 2
(4.1.5) J e x¥ax = 0 (k=1,3,5,...) .
~co
. ~tX2 2n -k \ - - ggpzr i
(#,1,6) Jf~e X dx = ¢ ZIﬁ(n+§) = 7 2 'Qé ™
—oo ‘(112‘

(n=0,1,2,...).
Thege formulas are valid if t >0, but also if T is a complex
number with = positive real part.
Sometimes we shall need the following estimate, both for k odd
and k even:

(4.1.7) ‘figtxg Xk} dx = O {(Re t)“'%(k+1)} (Re t 50; k=0,1,2,...

This estimate it not uniform with respect to k.

tx _k

The simpler formulas involving e % will 21lso be frequently

applied:

(o]
(4.1.8) S eyl ax o 7%t (k=0,1,2,...; Re t>0),
@]
T -tx _k -k-1
(4.1.9) ﬂe x| dx = A(Re t) ) (k=0,1,2,...; Re t>0),

o}
and again the stimate does not hold uniformly with respect to k.

We started above by expressing the Laplace method in terms of
sharp peaks. It is, kowever, by no means essential that the peak be
sharp. For, both width and locolization of the peak can be controlled
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simply by a substitution x=ay+b of the integration variable, where
both a and b may depend on t. The only thing that matters is that
there is an interval J such that ljtjsﬁis small compared to J} , and
that the integrand can be approximated by simpler functions throughout
J. '

In many simple cases the Laplace method can be replaced by the
following argument. It changes the general point of view, but usually
it hardly changes the details to be carried out.

Assume that, after a substitution x= ¢(y), the integral (4.1.1)
hecomes <« (t) Jﬁ g{y,t)dy, and that g(y)=1lim e g(y,t) exists. Further-
morc nssume thet the qpprox1matlon of g(y,t) to g(y) is strong enough
to guarantee that hﬂ;g(yéf) dy tends to iimg(y)dy. Then we have im-
medintely F(t) ~w(t) gﬁ; 2(y)dy, and further spproximations can
often be obtained from a closer study of the difference g(y,t)-2(y).

4L,2. A general case. We shall consider

t) = fmet ¥ ()gx,

assuming that k%(X) is rﬁﬂl and COUtlﬂUOUo, that W has just one
absolute maximum that ‘L; e Y(X)ax converzes, and chat p(x) = -oo
1 X - + oo . Without loss of generality we may assume that the maximum
is attained at x=0, and that &P(O)=O. Furthermore we assume that
x%'(x) exists in a neighbourhood of x=0, that ?”(O) exists, and
finally that \;;”(o) <0,

It follows from our assumptions that there exists, to any §> O,
a positive number =7 () such that Y (x) <« - n(J) both in -oeo< X <=8
and in 9<X<oo .

The contribution of these intervals satisfies

(4.2.1) f ,{ (t- 1)72(5){]@6\})(){)(1)( (t>1).

In a neighbourhood of x=0 we shall approximate ¢ (x) by %xz ¢"(0).
tiven (O<<€<:%%P”(O)}), we can determine & >0 such that

!

(4.2.2) o) - 57 ¢ (0)] <ex® (-8<x<d).

For if a continuous function (x) satisfies w(0)= ¢'(0)= ?”(O), we
have  w(x)=x v '(Q x)=x(x) (x >"0). '
We can now deal with the integral from -8 to +0 :

fi SexP(gr(0)-28 >dx<f 6 p0x) gy fem?( $"(0)+2E )y

-

All three 1ntegrals~j differ from the corresponding integrals

by an amount O(e” - bex

s where ot 1s positive and independent of t.
For the middle one this is expressed by (4.2.1), for the other two it

can be established in the same way. Using (4.1.6) (with n=1), we infer
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that
- ] -4 -k .
(4.2.3) f e tf(")dxqaﬂ)?(-—q;”(c)-ae) 2 t7240(e ),
-
and thet there 18 a gimilar estimate below. The number £ being arbitrary,

1o follows that

4

(h,2.4) fet‘}‘(x)c«xw(;.}rr)l’“(-z;\g,“’(cj))“? (t =o0),

- R
If the restriction (?(O)xo is dropped, we of course get an extra factor
et‘P(Q) on the right-hand-side of (4.2.4).

.3, Maximum at the boundary. In sec.4.,2 the maximum of the integrand

occurrcd a2t an inner point of the interval, and owing to our differ-

entiability assumptions we inferred that \p'mo at that point. If, how-

ever, the interval is finite, and 1if the minimum of ¢ 1s attained at

the Jeft end-point, say, then '+' will be usu~lly » O at this polnt,
Sooassume that we have to deal with

fw et )y

oy

where <P(x) lg renl 2nd continuous In 0g x ¢ 1, attains its maximun 0t
=0, q'(@) exists »nd ¢ '(C) <« C. Morcover we assume that
<

(e8]
.F(,\ @(gﬂ {x>0), and that ~f c‘P(x)dt converges.
We ¢onn now repeat the ane fv;lo of scc. 4.2 in a somewhat simpler
form, Instead of (4.,2.2) we have to use an inequality of the type
|g(x) - ¢(0) - x¢ (o)< ex  (cexgs).

It 1o auite easy to verify by the same method, now using (4.1.3),

by

FY()ax o (-t G (o)) eEP(0) (¢ sy,
O
cspecially in thies simple case it is quite easy to see that the
formula remoing true if t 1s a complex variable, with Re t —eooinstead
0t U -»es ., The same remark npplies to all integrals discussed in this
chapter, if one only replaces error terms O(t'k) by the corresponding
terme o((Re 5)7H),

4.4, asymptotic expansions, It is c¢lear that in the case of the inte-
nrals discussed 1n secs.4.2 and 4.3 more asymptotic information (as
X=17) about ¢ (x) leads to more asymptotic information about the inte-
gral (as t-»es). We shall restrict ourselves to the case of sec.4.2,
the cnse of sec.4.3 beins analogous,

For simplicity we shall assume now that %}(x) is, in some interval
-§<xgd, the sum of a convergent power series ip(x)naex2+33x3+,.., and
that a2<:0. We shall discuss the integral
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(Ho4.1) F(t)= f}(x) B (Mg,

where z(x) is an intEgroble funwion, being

R

in -5 x <& , the sum of 2 convergent power series g(x)=b +b1x+b2x £
We need some rough estimaote expressing that the contributions of
the intervals (-o,-8 ) and (S,0e ) are negligible. We shall assume that,
for each positive integer M, we have
-3 oo
(4.%.2) f (%) etq’(x)dx = O(t'M), !{{(X) et\})(x)dx = O(‘c“M),

- D
not bothering about how such information can be obtained. And we shall
nssume the existence of two positive numbers x and € such that

(4.4.3) y(x) ¢ -7 x°, lz(x)cc (-8<x<s).

In the inteyront we shall consgider e*cp(tn?x‘?) 1s the wmain Tactor,

The vemaining factor g(x) exp t x%{( }+mx+ﬁ %2, )} can be expandec
3

<z A double power series In the two arguments tx” and X, convergent for

‘ ‘ , and [or 211 values of t,
2 O @G
We shall denotc this “ouble scries by P(tx7,x)= LmaO anocmn(txj) %

Its coerficlents Cap ATV indepcnoent of t ond £, We want to approximate
? uniformly by lts partial sums, and thercfore we restrict th to some
finite interval. Thot 1s to soy, we shall use the power series only if
I=ix t'ﬂ'/g. Je may assume that t 1n so large that & -1/3 <9,

“Je first notice that the intervals (t° 1/3 L,9) and (-9 ,- t'q/j) can
be vneglected, It 1s not difficult to show that, if 1:%'41’/3, n>0,
fixed,

oo 2 :
(h.4.4) ‘fc"7tx dx = @ {cxp(—qtq/j)} (t>1),
T
For, as -Qt(xg- ra)>7tr (x-<)>7(x-<) Y (xt) we have
oo 2 »
fe vgt(x-»t 3x<f&—rl(x {)dxﬂyq,
T T

and (?.1_4,4) follows. More ccnerally, for each integer N2 0 we have
® xS N 1/
(5.4.9) je”’? oxY ax = o{exp(—%'rzt 3"\} ,  (t>1).
<

The factor xV zives no L"iifficu‘ties ‘For‘, if x v, t>2/q we have
N

myx 22, and so x =0(e =0 fexp(s Fntx )} . So (4.4.,5) follows from
(4.%.4), replacing n by 37 .
In the remaining interval -T¢ X ¢t we approximate P by a partial

sum. We choose a positive integer A, and we write

P, (tx7,x) = & (£x )"

A mpO,n 3 0, m+rhgA Cmn

Then we have, 1f |x]<<,
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(&»4.6) P - PA - C’((txj)‘ﬁ”-ﬂ) N O(xf\-i"")

L

uniformly with respect to x and t, This step requires some explanation.
; m n
I 2 double power scrie 2" verge <
i power scries 22n1>(hr1;C>Cmn w' converges for lzl< 2R,
hﬁ]( 25, then we have,the terms of 2 convergent series being bounded,

cmnaO(R”mS'n). Now we easily estimatc, if [zl < %R, ]w\<:%8,

mn v m N
§:m‘ao, n20, méin>A “mn” W T of 2:12/3( ‘W/Dl ) =

i

(g (12/R1 + 1w/sD®) = 0 L(Hz/rl +lw/sPA1)

i

O{(‘?!+IWJ )&+1} = O(iz[ﬂ+1) + Q(\N\A+1),

For the last step, cf. (1.2.9). It should be stressed that the estimates
are not uniform with rcspect to A,

As to (4.4.6) we remirk that P is continuous If -3 ¢ xg§,
1tx3\ €1, so that tne formula just proved for 2 smaller reglon can be
extended to this loreer range (ef. scc.l1.2).

We have, by (4.4.5), if A is fixcd,

o T ~ ﬁ, 11 1;,,% ‘ )
{ f—f }PA eXp (tazx{”)dx = O{t cxp (=t ‘/")} (¢ =0,

L -

2, belng negative. And, 1f we combine (4.4,3) and (4.4.4),
S t g (x) 1/3
{f"‘j }&'(x)e dx = 0 {eXD(— ')zt )} (teoa),

B 4 X

Honce, by (4.3.2) and (4.3.4), we have, for ench positive integer M,
: O

(3.%.7) Jf g(x)ct*’(x)dx - uerq XD (ta?xg)dx =O(t"M) +

. < 2

+ 0 {_jo‘jtfxp(tf’gxg){‘tg\mq + ‘XiAH}dX (t—>oe).

For these integrals we refer to (4.1.5) and (4.1.6). By virtui of
(4.1.7), the last O-term in (4.4.7) 1s casily seen to be O(t”eA'q). So
we nbtaln

S et ¥ Max - F

X -az)-:%(Bmm“)T {3 (3min+1)} s E A Nso(e )

(t—-)co),

¢ ¢~ (m+n+1)

mz0,n29, ming A Crn€men

where € nan denotes 1 if m+n is even, and 0 if m+n is odd,
As A and M are arbitrary, we have an asymptotic serles

(4.4.8) f&g(x)e“’(x)dx ~ ZTNO a, N (t —> o),
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where

N 2v
d, =(-a,) v 2 Z: ~0 %m,ovon(~2 5) T (mey +2).

1
It is easily seen that the main term dot'2 equals

%2n/t¢”ﬂn}% z2(0).

We assumed above that q: and g were the sums of convergent power
series 1in some neighbourhood of x=0. It is not difficult to show that
the results also apply to the case that

2

(P(X)fw a2x2+a3x3+... s 8(®) e b tb b X4 L (x =)

1

in the sense of asymptotic series.

4.5, Asymptotical behaviour of the gamma function. If t> -1, the
function I'(t+1) is defined by

(4.5.1) T(t+1) = j e”

We shall apply the result of sec.4.5 to the problem of the behaviour
of T(t+1) as t = oo,
The integrand has a peak, but the localization of the peak 1s not

fixed: the maximum of e"ouG occurs at u=t, and the maximal value is

c‘ttt. Therefore we introduce a substitution u=t+y, taking y asg the
new integration variable, and we have to investigate the integrand in
the neighbourhcod of y=0. The neighbourhoads that matter are rather
large in this case. It can be seen from the analysis below that they
are intervals of lengths exceeding t2. This fact, however, does not
influence the method in any respeet, and 1f we carry out the further
substitution y=tx, this 1s only done in order to obtain some minor
simplificatilions in the formulas.

On substituting u=t(1+x) in (4.51) the integral becomes simwely
(]
T(t+1) = e & 871 [ {%'X(1+x{}t dx.
-1

-X(

The function e'x(1+x) has 1ts maximum at x=0, and putting e 14X )=

=¢LP(X) we have o 3 n

X

(,P(X):-—-—X?—'F}-—%——T'!’...,

and (x) satisfies the conditions of sec.%.2 with Lp“(0)=—4. There-
fore, by (4.2.4%),

&
-

T(t+1) o et £82 (2n) (t —>o0),

This is Stirling's formula.
The method of sec.4.4 leads to an asymptotic series for the
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function ]7(t+1)t't"%et. We shall now explain a modification of that
method, which works out quite simply in many cases., It is based upon
the idea explained at the end of sec.4.1. We Introduce a new inte-
cration variable z by fzgz— $(x), or, more precisely,

o

” o]
z = x{1 - % X + % X< -...0)%,

where the principal value of the root is chosen, In a certain neigh-
tourhood of the origin the Lagrange inversion formula (sce sec.2.2)
gives x as a power series in z:

2 3
X =2z + co27 4 u34 + e
It does not matter how sm2ll that neighbtourhood is, as 1t 1s independent
of t, whence the integral can be restricted to that neighbourhood (ecf.
(+.2.1)). So we infer that there cxist positive numbers & and ¢, both

independent of t, such thot
— _}»P’ i -
T (t-&’}):ﬂ% ¢ tt*—q i«;e <" (44'26224'30322*"..)(32 + O(C“ Ct)} P

and the method of sec.4.4 leads to
1 1 - -~ 2 2’
, 3 b -t-3 2 2! z HL
(4.5.2) (QT() F(t+1)t t t\)’|+303.-f. ';—‘-52' + 505(.{7) T e
(t »o=).
Usually, e.g. by application of the Euler-Maclaurin ncthol to

I
= i 1 it 2“.-. "-"/
T (t+1) liga*q)n no/(1+t)(2+t) .. (n+t),
(~f. £¢c.3.7) one durives the asymptotic series for the logarithm of
thr 1efr-hand-side of (4.5.2):

B B B
2 y . Bg

+ e
2t 3.0 AL

(£.5.3)  Leefem) D (ee)e’ TR :

(t; —o0 ).

It follows thot, if we denote the formal power series in (4.5.2)
and §4.5.3) by P(t’q) and Q(t'q), respectively, then we have formally

eQ(z =r(z). It is, however, by no means easy to verify this directly.

4.e. Multiple integrals., The Laplace method can easily be carrled over
to multiple integrals. We shall consider

1 -1
F(t) =yf1 .o v& exp  ty (X ,...,%) dx,...dx,,

where ¢ 1s continuous in the cube —14'xqs'h..., —1s:%3sﬂ. We assume
that ¢(A4,...,8)=0, but \p(x1,...,xn)< 0 in all other points of the
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cube, Morecover we assume that all second order derivatives of\y exist,
and are continuous in 2 neighbourhood of the origin, and that the
maximum at (0,...,0) is of the elliptic type. What we actually need is
this:

n n
) — __.l_ >
(4.6.1) P N Zé;q > joq B1g¥i%y ¥

+O(x42+...+x 2)(x 2+...+xn2~+ 0),

where the gquadratic form E:Z:aijxixj (aij=aji) i1s positive definite,
The procedure of sec.4.2 can now be repeated, with obvious alter-
ations. Omitting details, we only mention the result

(4.6.2)  F(t) e~ A4 t7Z0(tsee), A = f‘.’.f" exp(-+ESa, 3%, )dx, . ..9x .

-3 -0

It is well-known that
i 1
(4.6.3) A= (2w)2B p77 |

where D is the determinant of the matrix (aij)‘ This is usually
derived by an orthogonal substitution in the integratlion variables,
in such a manner that the matrix gets the diagonal form, and then the
integral becomes the product of n single integrals.

If £ admits a development into powers of Kqseve Xy, We can obtain
an asymptotical series for F(t), in the same way as it was done in sec.
b4,

In many cases, especislly for theoretical purposes, it is easier
to apply an analogy of the method described at the end of sec.4.5,

If y>Q, let ¢ (y) denote the volume of that part of the cube
. P 2
-1<%,<1,...,-1<x, <1 which satisfies \%(xq,..,,xn)z-%y . Then we
have oo, 2
-5t
F(t) = [ 2% a¢(y),
0
and 30 the problem has been reduced to a question about a single inte-

1
gral. Usually ¢(y) will be differentiable, and cip'(y)«-\:nym—/l D‘Evn(y->o),
where Vn is the volume of the n-dimensionnl unilt gphere, For the main

term we now obtailn
-3 bty
F(t)en D72 vV 5( e
1
AS Vnzwtan/iﬁ(%n+1), this gives the same result as (4.6.2).

2 1 A4l _L
y? T ay = npEy 27T (3n) £7ER,

4 7, An application. We shall discuss an instructive example of the

multidimensional Laplace method, We consider the sum

2n S
k=0 ("‘1)k+n (21?) >

(4.7.1) S(s3n) =2

where s and n are positive integers. It is well-known that S(1,n)=0,
s(2;n) =4(2n)!/(n1)2, and a formula of Dixon gives S(3;n)=(3n):/(n£)3



One of course expects similar formulas for larger values of s, but no
such formula 1is known. A simple method to decide upon the existence of
such a formula is to determine the asymptotic behaviour of S(s;n) as
n—soo (8 fixed) and to investigate whether this corresponds to the
behaviour of multiplicative combinations of factorials. It wilé turn
)<P% . The

number (COSTT/QS)gS is rational if s=2 or 3. If s> 3, however, this is
230

out that the asymptotic formula for S(s,n) involves (cosvre/2s
no longer true, and it follows that (cosve/2s) does not occur 1in

the Stirling formulas for n,2n,3n,... . Therefore, we cannct expect
simple extensions of the Dixon formula if s> 3.

Properly speazking, the discussion of S(s,n) belongs to ch.3. We
are, however, in the situation described in sec.3.11: the sum is ex-
ponentially small compared to the largest term (i.e. the term with
k=n). This fact is easily verified in the cases s=1,2,3, and for
general s it follows from our final result (4.7.4). (We notice that .
the term with k=n, which we denote by t_, is asymptotically 22n01n)'§).
This means, roughly, that the Euler-Maclaurin method (in the version of
sec.3.11, because of the alternating signs) give a result of the type
S/tna>0+0.n’1+0.n'2+..., and possibly (by the method of sec.3.10) that
S/tn is exponentially small, but we will not be satisfied with a mere
upyer estimate. Moreover, in this case, the terms are, considered as
functions of the summation variable k, quite awkward, and the Euler-
Maclaurin analysis becomes involved. For these reasons it is worth
while to try other explicit expressions for S. One possibillity is used
below, another one (not restricted to the case that s is an integer)

will be used in sec.6.4,
0

OZ
2 s 0 e r.

It is e2sily seen that S(s,n) equals the coefficient of 74

in the product

(=) (14207 (142,) 0L L (142 )P0 {1—(21,..2P)'1} 20 yhere res-1.

N

As S(1,n)=0 is trivial, we henceforth assume s 32, ry1.
By Cauchy's formula we have
S(r+1,n) =(-1)"(2nri)" " Jr (1+2,)°% .. (142 )" f1-(z z_)~1)en
' 3 fon- ,l * o v r. 3 /]ot-r‘ .
-1 -1
(z, dz ...z, dz ),

where the integrals are taken along the unit circles in the complex z-
planes,

On substituting zjzexp(zi @j) we obtain

£yt

1

vt
! _ .2rn+2n _ - vfe Uf2 . 2n
(4.7.2)  S(r+1,n) = 2 T _%%.. _%Yrcos ?1...008tPr81n(§H+...+$%)

dtp,l .o .dxpr,,
and to this multiple integral we can apply the Laplace method. We put
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G( Pasenes LPr*) = CO8 4 ,...cO8 @ 8in («,P,1+..,+ gpp),

“nd our first question concerns the extremal points of G. As G=0 on the
boundary of the cube -4 ¢ “P“:Q%“ seeey =ETUE P, s, whercas G
takes both positive ond neprntive voluces Inside the cube, the boundary
can be neglected, A8 to the inner points, we remoark that G has contine-
uous partial derivatives, and o we only need to consider points where
66/&\{:)1:...: &/ é&ppx!ﬁ\. I'xcluding points where G=0, we have

(4.7.3) 26/3p, = -{tan p, + cot (gre.tg)} E (I=T,..0um).
Hence our conditions implies that tan W= .=tan Q. The “Pj’ﬂ being
restricted to the interval (-3vt ,lyt) it follows that all \py are
cqual, qua...x \Pp= ek, SV, We obtaln cot rac= tine, "nd 80 o frol=
=2YC +kvt, wher: k 15 an integer. In other words

o = v /2s, where s=r+1, and ¥ is ar odd integer,|9)l< s. The

values of G in such » point is
Glet,...,¢) = (cos oc)r sin (ra) = + (cosex )™
.~

So there are two absolutc maxima of G, corrcsponding to v=+1 and
vV =-1. These are o =3 and &x=-(3, respectively, where 3 =1/25. It
1s sufficient to consider only one of th;m,o&:%»ﬁ , 8ay, For, the
intezgral in (l§.7.2) can be split into two egual parts, cccording to
Pate b P >0 0or <0,

We shall write, in a neighbourhood £2 of (Boeeesfd)

G( P “Pr) = a(B,...,3) exp (Bn\[)({sm,},...,ﬁwp)),
and we have to deal with

2ff exXp (QnLP(/@JFM:---:ﬁ*XF)) X0 CX

the integral being extended over {2 . 45 3 hns continuous partial
derivotives of nll orders, we hrve a multiple Taylor cxpansion [or
¢ (ef.(4.6.1)). As G is maximal at X =
point, the constant term and 2ll linear terms vanish:

oo =X =0, and as =0 at that

r r
1 - )
Lp([wxﬂ,...,pa»xp) = “2231 ZJM yg % xJ o
where o, 4 = ~(a/a¢pi)(a/a Lp'j)(log G), evoluated at x,=...=X =0.
From (4.7.3) we infer

2y = (2/2¢;) {tan @y - cot(@ et )} =

= 513 cos™2 Pyt 811’1'2(\?1%-.”4- 9. m(§ij+1)cos—2‘ﬂ/25,

for at p,=...= @ = vt/2s we have sin(xp,ﬁ—...+%)msin(rﬂ/2a)wcos(w/28).
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Here Sij is the Kronccker symbol: éi,:ﬁ if i=j, éifo if i#£j. The
determinant of the motrix (1+5ij)(i,j=1,...,r) has ¢lements 2 in the
main diagonal, and all other clements ere 1. Its value equals s (the
order of the ma $%% }?wE%GaYStCh ¢aslly can be shown by induction. It
can also be derlved [/ theory: the numbers 1 and r+1 arc obviously
cizgenvalues, and ag substroction of the unit matrix from the given
matrix leads to a matrix of rank 1, the multiplicity of the eijenvaluc
1 equals r-1. Thercfore, there are no other cigenvalues. The determin-
ant cquals the product of the cigenvalues, whence the determinant
cquals r+1,.

The matrix (1+éﬁj) is positive definite, for it is the matrix of
the guadratic form

Xymob e+ X + (x

We are now in a position to apply (4.56.2) and (4.6.3), and the result

o
3
J

1k

S(s,n)megpn+2nrtnr

2. (27 D72 (20) T {0 (p, . I} (0 ),

D ==& cos*gr(ﬂ/Qs), G(ﬁ”"43) = cosﬁCm/Es),
and finally
e ts - -5 (9~ .
(07 ) S(2,0) eo {2 cos(r/2s)) BT 0278 (o2 (1-8)g e (e,

fs noverificatlon we take s=3, then we find
2L N L
S(B’n) o 33n+’2—/2‘1’tn = (3 )BH%(gﬂ)a R 3n{nn+’3 2 . } 3 o
e (3n)!/(nl)

in accordance with Dixon's fornmula,
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5. The saddle point method,

5.1. The method. The saddle point method 1s one of the most important and
“wWowerful methods in asymptctics, Its object is to obtain useful
aprroximations to integrals :n the complex plane,

(5.1.1) F(t) ==£ ¢ (z)dz,

where P 1s the integration path, and ¢(z) is analytic along P. We
~ssume that both the integration path and the function ¢ depend on
2 parameter t, and we want to study the asymptotic behaviour of F(t)
as ¢ —s o,

Any speclal application of the saddle point method consists of
two stages.

(1) The stage of exploring, conjecturing and scheming, which is usually
the most difficult one, It results in choosing a new integration path,
fit for aprlication of the second stage.

1i1) The stage of carrying out the method. Once the path has been
uita2bly chosen, this second stage is, as a rule, rather a matter of
~oubine,; although 1t may be complicated, Itessentially depends on the
~avlace method of ch.4,

The first stage, however, i3 usually Juite difficult, especially
in those cases where the new path heas to depend on t, Most authors
dealing with special applications do not go into the trouble of ex-
plaining what arguments led to their choice of the path. The main
reason is that 1t is always very difficult to say why a certain
pessibility is tried and others are discarded, especially since this
depends on personal imagination 2nd experilence.

In the present exposition we shall try to give, in each example,
some arguments accounting to some extent for the choice of the path,
although many readers mey find these quite unsatisfactory. There are,
of course, general arguments, to be explained in se0s.5.2-5.5, which
form the basis of the method, but in special applications these
generalities give only partial answers,

The general idea of the'saddle"point meithod can easily be grasped
in the following way, Assume, for a mome~t, that we are not interested
in the value of F(t), but that we only wint tc find a good upper
estimate for |F(t)|. We have, of course,

(5.1.2)  [|F(e)] ¢ jP lo(2)l .ozl ¢ 1p.mexy |o(2),

where max, J#(z)] is the maximum of )@(z)] along P, and 1, is the
length of P. It may be possible, however, to obtain a better estimate
by taking a different path. By Cauchy's theorem, the path P in (5.1.1)
may be replaced by other paths C, having the same endpoints as P,
provided that C can be continuously deformed into P without leaving
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the domain’ of analytlcity of ¢ . We shall call these paths C 2dmissible.
We now wish to determine C such that the value of

(5.1.3) 1, mex, l(z)]

i3 minimal, This C can of course depend on t,

The role of lC is, as a rule, guite unimportent. In the first
place, we may remark thet the estimation (5.1.2) is a rough one, Along
the largest part of the path the value of {q(z)] may be much smaller
than the maximum, so that only a small part of the path may count,
3econdly, we 2re thinking of applicotions where ¢(z) behaves rather
vloaently, any way wf t I8 large: very large at some places, and very
~m~11 at other places, Therefore, small vorintions of the path may
~red’T 'n large varintions of maxX . lp(z)| , wheri-s the value of 1
tredly cnTnpes

inn iy 1T oany be remorsked chot Af @ (z) does not benave violent-
ly, th s~dclie voin® we od hoo ot mueh of - chance to succeed,

for these reasons we moy oXpect that the volue (5,1.3) is pretty
close to its minimum if we choose rrom tne sst of all admisslble paths
she one, ¢ say, {for which

(~. %) mOR, W(Z)‘

19 minimal, It is of course not generally true that a minimizing path
OooXLTs, but commonly 1y ioes,

It will turr out *hit we are o fortunate that the path C, chosen
choo any o ceder o obtnin an upper bouna for ]F(t)}, is at the same
came oa200d noth for the evaluation of F(t) 1tself, That is, we can
pairemetrize the path and write g q%z)dz as an integral along a real
interval, to which we cnn try to apply the Laplace method (:h.4), If
the Laplace method {~1ls, 211 we can s2y is that the problem was really
no crse for the saddle poinv method,

The above ctotement ig, of course, very rough. There 2-¢ many
paths giving the some voluc ST & x. jwl(z)l, but not all are suitoble
for application of the Lopl-ce me-too, 3 shall have to acdjust the
path C in such ~ woy that the partc o7 (he path where }?(z)} is close
to its maximum, become small in length, ™is ¢ n de achieved by the
so-called methed of steepest descent (sec.l. ),

If C is chosen according to that method, the maximum of [ (z)|
will be attained at = few icolated pointe only, and as a rule only in
one single point. These isolated points are either endpoints of the
path, or they turn out to be saddlepoints, i.e, points where the
derivative y'(z) vanishes. The saddle points 2re usually easy to find,
and they form the basis for the construction of the path C.



As we said before, it may occur that the point of C where hy(z)l
is maximal, is one of the end points, and that there is no gquestion of
saddle points. We shall then still speak about the saddle point method,
as the general aspect, both of problem and method, is of the same type
as in the saddle point case.

5.2, Geometrical interpretation. In order to make things clear we shail

give a geometrical illustration. Consider the surface in three dimens-
ional X-y-w-space, whose equation isg w= ]@(x+1y)|. It 13 easily seen
that at points where Q'(X+1y)=0, and 2t no other points, the tangent
plane 1s horizontal by virtue of the [ormult:s

. alel _ gl dy
QX 2y P dz

(for simplicity, we shall forget 2 moment about points where ¢ (x+iy)=0,
and wheve there 18 not alwavs ¢ panpent oling ). 3v ohe maximum modidlug
rrinciple, there nre no maxima =or minuimna, =pnrtc Jrom @mainusy 20 points
wheve @ =0, 80 fhet the pointy where the tingent plineg 15 horizontal

v saddle points, These hove the pronerty that thelr neighbourhoods

on the surface are partly above and nartly below the level of the saddle
noint itself.

Let us imagine 2 man who wants to move from spot A to spot B in
seme mountain district, and whose physical condition makes 1t desirable
tea avoid the higher altitudeg »g nmuch »s posgible, On the other azad, he
has no objection whatsoever against walking, nor againsgt climbing, He
therefore tries to do the same thing as we went to do on our surface
W= ]q(x+iy)[ : he wants to take a peth such that the maximum altitude
is as small as possible,

If there happens to be a path of which A is the highest level,
his problem is solved. It is clear that no path leading from & 0 B has
a maximum altitude below the one of A, The same remark applied to B.

4n the other hand it may occur that no such path exists; so that
every path leading from A (o B contains altitudes above those of A and
B. Unless our man is & mathemavician, it will be immediately clear to
him that if there exists & path which solves his minimum problem, the
highest point of that path will be a saddle point, that is, in his
terminglogy, the highest point of a2 pass road. A mathematicinn will Dbe
able to prove it (also assuming the existence of a solution of the
minimum problem) under some continuity conditions, which are amply
satisfied in our case w=$ (x,y). If the surface of the earth were not
a sphere, but an infinite plane, the man would readily understand that
the existence 6f a minimizing path is not guaranteed. It might be
possible that by making wider and wider detours the maximum altitude of
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the pech could be recuced and reduced, without every attaining o
minimum, 4 sufficlent, though not necessary, condition for the existence
of 2 minimizing path 1s, that therc exists a large circle, containing
both A »"nd B in 1ts interior, such that every point of its circumference
i3 higher than 211 points on the straighs line scgment AB]fEZMEEﬂEEQEHEEF.
We shall now descrihe 2 method for finding the best possible path for
Let ho be the highest of the nltitudes of A and B. Now for every numbar
h )ho we construct the roglon Rh, consasting of 21l points whose
cltltude is gh, Then both A and B belong to Rh’ and the question 1s
whether A and B can be connected by a path entirely belonging to Rh.
I7 the ~nswer 1is negative, the highest point of his minimal path will
certainly have an altitude > h, If the answer is affirmative, therc is
3 path whose maximuma2iitud. 18 <h, So his problem is solved if he
knows the smallest value of h for which the answer to the above
questign is affirmative. Dut how to find this smallest value?®
To his non-mhthematic2l mind the following will bYe obvious: 17 k
Lo thic usmallest value of h, nd 10 P 18 © path from A to B entirely in
R

B!
thio highest polint could he circuvented by moking some detour.,

che o the hlghest point of P will be a saddls point, For otheprwise,

It follows that the minimum value of h only needs to be sought
amongst the altitudes of the various saddle points. And even without
these discussions the first thing our mountainer would do would be to
look up the altitudes ol the various passes in the neighbourhood, and
try whether he can do with some of the lowest.

It is clear thet the highest s2ddle polnt will be crossed by our
mountainesyr,1.¢, passed in such 2 w2y thht in esach neighbourhood of

the saddle point, and .n both z1des of the »rth, there are points
above the level of the s=ddlc poini. [t i not A1fficult £o show thag
in our case (w= |¢(x+1y)|) a sufficient condition for ~ path 495 oross

the saddle point is having a tangent at that point.

©.3. Peakless landscapes. The landscapc, we are especially intercoted

In, viz., w= l?(x+iy)l, has 2 simple property: by the maximun modulus
theorem we know that there are no pe-ks. Assuming that there are no
singularities either, this property has the following consequence:

if 2 closed path crosses 2 saddle point, then thic saddle point is not
the highest point of the path. (We take it that speaking about the
highest point includes that the path has no other points of the same
~ltitude). In order to show this it is sufficient to restrict to closed
paths without double points, for otherwise we can easily find a closed
part of the path, without double points, and containing the saddle
point (mathematicelly we are still on the level of the mountainer).
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Now by the maximum modulus theorem » closed path contains in its
interior no points higher thmn the highest point of the path. So in
every neighbourhood of this highest point there are, on one side of
the path, no points higher than this point itself. Therefore, this
highest point cannot be > saddle point crossed by the path (see thc
end of sec.5,2).

This closed path theorem has a consequence which 1is of great
practical value for our minimum problem, If (in a landscape without
peaks and without singularities) a path leading from A to B crosses 2
gaddle point, and if this saddle point is the highest point of the
path, then the path solves the minimum problem, that is, any other
path from A to B has a2t lenst one point of 2t lenst the scme altitude
a8 the saddle point just mentioned. The proof is easy. If we go from
A to B ~long this path, ond go back from B to A along any other path,
we have described o closed path to which the previous theorem can be
applied,

This means that the minimum poth can be immedintely recognized as
sueh {provided that it hes Jjust one highest point). So if we conjecture
thot some path solves the minimum problem, this conjecture can be
tested by lopking a2t this path only, and 1t 18 no longer necessary to
inspect the collection af all other poths.

If we now include the case that there 1s o path of which elither
A or B is the highest point, we con formulate the following rule for
tho s.lution of the minimun preblem: Find 7 path from A to B, the

highest point of which 13 elther an end-point or ¢ saddle point which

.3 erossed by the pnth,

The ndditionzl words "which 18 cross:d by the path" are clearly
neced8s ry in order to ovoid that our mounchainer goes up to some very
high pass and after reachaing the saddle point, goes back in the
dircction he came from,

If there are singulorities, we have to toke core that the minimal
r2th hangs together with thoe »noth originally given, in the sence that
the first path can He continuously deformed into the sccond one with-
out c¢ver leaving the regulority domain, Or in other words, we have to
toke care that Cauchy's th.orem can be applied,

However, it is oftun uscful to violate this provision about
singularities. Of course, we then have to teke eertain residues into
agcount, but these are, as a2 rule, easily determined with greot
preeision,

Various statements mrde thus far could be statcd more precisely,
and could be proved more rigorously. But for the present purpose it
18 not necessary to do 8o, 2s these matters only play a part at whet



we called, in sec,5.1, the first stage of the procedurc, Rigorous
proofs will only be néeded at the second stage, where calculations are
based upon one special path, eand then we have nothing to do with the
question why just that path was chosen. The situation can be compared
with the auxiliary line in probloms of elementary geometry: the correct
proof of the theorem uses the auxiliary line, but need not discuss why
Just that line was chosen.

5.4. Steepest descent. Let us consider a path, the highest point of
which is a saddle point (crossed by this path). We¢ shall examine a
neighbourhood of the saddle point.

It is slightly easier to work with the logarithm of ¢ (z), to be
denoted by ¢ (z), so that ¢(z)=e *(Z). As the saddle point, to be
denoted by §, is the highest point of the path, we have @(%)#0. As we
are further only interestcd in 2 neighbourhood of 5 , we can select for
xy{z) any branch of the logarithm, and we have no difficultics due o
the multivaluedness.

If follows from 4 (¥)#0 that the conditions ¢'(%)=0 and §'(%)=0
are equivalent.

As far as yet we took [¢(z)| to be the altitude of the landscapc.
If we replace it by Re 4’(2), which is a monotonic function ofl ?(Z)L
there is no change in any of the arguments of the preceding sections.
Moreover, R: ¢ (z) is single-valued (at least if y(z) is singlc-valued).

Unless Y (z) is a constant, at least one of the derivatives
V! (%), ¢ (%), o 5 RN dlffers from zero. Let k be the smallest
’pOSltiVL integer such that t¥ (5)#0. We shall assume that k=2. Thec
cases k>2 are only slightly more difficult, and as they hardly ever
occur in applications we shall disrcgard them,

The situation in 2 small neighbourhood of $ 13 mainly determined
by the value of Y '(%),

P(z) = P (5) + 5P(5).(2-5)7 « ... .

We shall define the axis of the saddle point § as the straight
line in the complex plane defincd by

“P“(y)(z*y)g real and £ O.

This 1s a line passing through % ; t.ue line wherc 4’"(3)(2—?)2;>O is
clearly perpendicular to this one. The argument of the axis is
$TW-%5 arg $"(%). (If a line 1 is parallel to the line connecting O and
%, then we say that arg 1s the argument of 1. The argument of 1 is
obviously uniquely determined apart from additional multiply of T ).

- The curves where Re ¢ (z)=Re Y (%) obviously intersect the axis
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at 5 making angles of + ; W with the axis, These curves are drawn in
Fig.1 as heavy lines, The curv.s where Im @ (z)= Im § (§) are drawn as
dotted lines. Their tangents at ; arc the axis of the saddle point and
the line perpendicular to it, respectively., The axis itself is denoted
by a.

The curves Re ¢ (z)=Re § (%) divide the
neighbourhood of % into 4 parts. The
two of theste whilch do not contain the
axis, arc hatched., In thesc reglons we
Fig. 1 have Re ¥ (z)>Re ¢ (%), whence it
follows that our integration path, of which 9% is the highest point,
does not enter into these regions. The integrotion path has to cross

the saddle point, so thot 1t connects the two non-hatched regions,

There 18 n limit cnase, where the integration path isexactly one
of the lines with Re ¢ (z)=Rc Y (%), and wherc % is not the only
highest point of the path, all points of ot least 2 part of the path
having the same =21ltitude, There 18 1 method specinlly devoted to this
case, c2lled the "method of stationary phose’, We shall sece, however,
that in our case of analytic functions this case can always be avoided
{sec.4,8), and we shall not further discuss it.

In the general case, whore the integrntion path uses, apart {rom
; itsclf, only inner points of the non-hatched regions, we ¢an always
deform 1t sueh that its tengent at Y colncides with the axis a, and
such that, in the cases of violent behaviour of Re ¢ (z) we are inter-
ested in, the value of Re ¢ (z) is in all points of the path very much
smaller than Re 4’(;), apart from 2 small segment of the path around .

;. I7 we start at the saddle point, and go in one of the two direct-
ions of thz axis, the function Re Y (z) decreases, It is easily verified
thnt this dcecreecse is stronger than the decrease of Re ¢ (z) in any
other direction, Therefore, the directiong of the axis sre n1led
dircctions of steepest descont,

The use of thesce directions of steepest descent 15 not strictly
«88entinl for the saddle point method. We might take ony other curve
connecting the non-hatched regions, provided thot thq angle 1t makes
with the axis is less than /4, and does not tend to W/4 if the
prrameter ¢ tends to infinity.

5.5. Steepest descent at end-point. Suppose that we have a path from
A to B, the highest point of which is A, In the general case we have
Y '(A)#0. We shall not discuss what happens if ¥ '(A)=0, for then we
have a saddle point at A, and so things can be discussed according to
gec.5.4,
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If ¢ '(A)#0, th. valuc of Re ¢ '(z) in smoll ncighbourhoods of A
i to o large extert determined by the value of ¢ '(A), since

g (z) = ¢(A) + (z-A) ¢ (A) + ...
We shall ngain define the xis 2s the set defined by

(z-A) @ '(A) real and ¢ O,

and in the precgcent ca2se this 1s 2 half-line through A,
Perpendicular to this linc 18 the curve 21long which we hove
Re ¥ (z)=Re ¥ (A). At one side of this curve, the side of the axis,
we have Re ¥ (z) <Re ¢ (A), nt the other side we have Re ¥ (z)>Ru ¥ (A).
The path under discussion cortoinly does not enter into the latter
region, the highest point of the path being A 1tsclf.

The direction of the nxis is the dircetion of steepest descent,
and we shnll prefourably take our path staorting in this direction.

5.6. The second stage. Suppose thnt we have found 2 cupve that

minimizes mAX, R: ¢ (z), nlong the principles cxpounded in sec.5.3,

and that we have modified it so ng to show stcepest descent at end-
peints and saddle points. Furthcrmore ossume that the behaviour of

Re ¥ {z) is violent, in the sense that it is at lenst relatively, very
large at some of the saddlc points or end-points, and that at these
points {w ”(3)] is loarge os far as saddle points are concerncd, and
{W'(g)’ is lorge Lf und-polnts are concerned, Then on our path we have
large valucs of Re ¢ (z) in small neighbourhoods of some of the snddle
points or c¢nd-points, and in all other points of the path 1ts valuc is
negligible compored to these. Not 2ll saddle points or «rd points nceed
to Le important, for it may heoppen that at some of them the value of
Re ¢ (z) 1s nogligible compared to its value at some of the others.
Accordingly, in thes: insignificant points there 18 no need for steep-
¢st descoent, 2nd 1f snddle points 2re conc-rned, it 13 gven not
necessary to draw the path xrctly through these saddle points.

For the finnl evoluntion of 23ymptotic expressions for our inte-
grol we now immediately 2pply the Lagrange method of ch.h, At the end
points the integrand is, roughly spenking, of the type exp(-Cg8) and
ot the saddle points it i3 of the type exp(-CsQ). In both cases C is
A constant whose real pert is large, and g8 is » real vrriable used for
poramctrization of the path in the neighbourhecod of the significant
point under consideration.

5.7. A gcneral simple case., We consider o simply connected region D

in the complex plane, and two functions g(z), h(z), both independent
of £, The functions g and h are analytic functions of z for 21l 2z inside
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D, The points A,B are in D and independent of t. We want to discuss

the asymptotical behaviour of
B

£(t) wj g(z) " h(z)g,
A
a8 t »0, t_ao0, Assume that there 13 o point % €D where h'(%)=0,
h"(%)}#0. Properly speaking, % is not s saddle polint of geth, but of &th;
nevertheless 1t will turn out that 3 can be used for the problem about
geth a8 well,

The landsecape of leth[around 5 is of the type 111ustrated in fig.1,
p.59, If & is a number independent of t, and 0 <« d <H;V, then we can
find @ » 0 such that there are two oppositu sectors of the circle with
centre 3 and radius @ , with 2pertures gﬂ"BJ both symmutrical with
respect to the axis of the saddle point, 1In whilch lc * < ‘&th(F)L

or Re h(z)< Re h(¥§}. In formulas, these sectors can be described by

(1) 0 <lz-%] ap, Jarg(z-%) + 37 -} avg n'(5)| < g7-6

(11) 0 <Jz-%l<p, larg(z-¥) - 3T+ arg n"(5)] < g7-9.

For, in both sectors we have |arg i 5) h”(;}ﬁ <iw-2 4, and so
Re { (z—y) h"(F)} >]7—‘§l“ sin 24 ; consequently Re h(z) =

Re h{y) + & Re {n"(5)( z—;)g} + 0(]z- §12) < Re n(%)-|z-5|° sin 24 +0(|z-5)),

and this is €0 if P is sufficlently small.

Obviously, both § and P can be chosen independently of t. Now
assume that A, is a point in sector (1), B, in sector (11), both in-
dependent of t, and that the integratlion path fram Aﬂ to B1 remains
inside the domain D. Then we can replace the path by 1 new one: First
connect A,, to a point A, on the axls, inside (1); then cross the
snddle point along the axis, from A1 to 2 point Be (32 inside (1ii))
finally cornect B2 to ]B‘1 by a path inside (ii). Along the paths from
Ay to Ay and from B, to B,, Re(¢ (z)-Y¥( }J) has a negative upper
bound -c, and ther fore the contribution of these parts to the inte-
gral 1is ﬂ(s t Re h(F) . The contribution of the integral from A2
to BO can be evaluated by application of the Laplace method. We para-
metrize the path by z= B+ AX, 8 £X £b | ;

(-p <a<0<b<p, x=exp(37Ti-41 arg h"(%) )), and the integral from
A2 to 52 becomes
b
o(J g(5+ ax) et h( %+ ex) dx.,
a

We have thus obtained an integral that was discussed extensively in
sec. b b, as h( 5 +ox) = h(y)4—§h“(;)d2x2 s
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and zh"(%) «2 <0, The results of that section can be applied immediately

It results that we have &n asymptotic series of the form

(5.7.1) J-Bg

g(i) et h(z)eruet h(s)t"% Z:Qﬂdnt°n (t — <@).
A

2

If g(5)#0, the main term is easily evaluated:

(5.7.2) J "a(2) ¢F 8Pz o (amEasHnrn)] E g(3)et B (cL0.
Ao

We note that o« is the complex number with modulus 1 whose argument

corresponds to the direction on the axis from (1) to (ii),

The right-hand-gside of (5.7.1) will be referred to as the contrib-
ution of the saddle point 3 . It i1s a triviol but important remark-that
the contribution of a saddle point depends on the direction in which
it is crossed., If we reverse the directions, the contribution is of

e As B2
course multiplied by -1, asl; = ~,£ .
2 2
As the integra;s from A,I to A2 and from B2 to Bq are exponentially
small compared to e h(;)’ formulas (5.7.1) and (5.7.2) remain true if
4 and 52 by Bq.
The question whether the integral along the original path from A

we replace A, by A

to B can be represented asymptotically by the contribution of the
snddle point, i3 of a different type. It cannot be answered by studying
small neighbourhoods of 3 . The answer is affirmative 1f A can be
linked to Aq, and B to Bq, in such a way that on those connecting paths
the maximum of Re h(z) is less than Re h(%), for then the contribution
of these paths is again negligible.

It i3, of course, not necessary to use A1,51 as intermediates
between A,B and AE’BE’ In the above presentation it was done for the
sake of a minor simplification. The price we have to pay for this is
exponcntially small, and therefore we need not bother about the strict
necessity ef this step.

A similar, but simpler, discussion can be given for the contribut-
ion of an end-point to our integral J’g(z)et h(z)dz. We only state the
result: If g(A)#0 h!'(A)#0, and if the path starts from A in a direction
in which Re h(A) decreases, then the first term of the contribution of
a2 neighbourhood of A cquals (cf. sec.4.3)

g(a) ¥ PA) (g n'(anT,
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5.8. Path of constant altitude. We agoin consider integrals
B B
~ ¥(z)
$>(z)dzqf ef\“/az,
A

If the points A and B are connected by a path, all points of
which have the same altitude in the landscape w=Re ¥ (z), then this
path automatically solves the minimum problem (for no other path from
A to B has a maximum 2ltitude below the one of A)., We shall show that
this path can always be slightly deformed so as to give a path having
only a discrete number of highest points.

To this end we consider parts of the path, whose end points are
eilther A or B or else saddle points, not containing saddle points as
inner points. Obviously the whole path can be devided into such parts,
Let Ak Ak+1 be such a part of the path, and let this arc be given in
the parametric representation z=f(s), O ¢s «1, where f(8) is contin-
uously differentiable, £!'(x)#0 (0 ¢s £1) and f(o)nAk, f(1)mAk+1. As
there are no saddle points on the arc between Ak and A , we have

k+1
dy /ds =¢'(z) . £'(s) £ O (0 ¢8 <1)

As Re ¢ was constant along the arc, we now know that .1dy/ds is re~1.
continuous and #0 (0 <8 ¢1). It follows that its sign is constant, say

id?/ds real and <0 (0 <8 <1).

It now follows from the Cauchy-Riemann egquations that the derivative
of Re (z) in a direction perpendicular to the arc, is also negative,
provided that the positive direction on the normal 1is pointing to the
left bank of the arc, It follows that on the left bank Re + (z) has
values less than the constant value which it has along the arc, so
instead of left bank we may speak about the lower bank.

We now describe a new path from Ak to Ak+1' At Ak and Ak+4 it
goes,preferably by steepest descent, into the lower bank, and further
it proceeds along the lower bank at small distance of the arc. Here
"small" means: sufficiently small in order to guarantee that we are
below the level of the original path,

We can do the same thing for other parts of the path A,B. Some-
times the lower bank will be on the left, sometimes 1t will be on the
right. At a saddle point, the new path goes up to the level of the
saddle point and descends again, on the other side. (The last few
words are not strictly true, If we have a higher order saddle point,
and if the order of the first non~-vanishing derivative is odd, then
we have to descend at the side we came from).

The asymptotical behaviour of the integral from A to B is now
given by the sum of the contributions of the points Aon,Aq,...,AﬂwB.
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5.9. Closed path, Instead of for a curve leading from a point A to

a point B, the problem about (5.1.1) can also be proposed for a closed
path, We of course do not assume that the integrand is analytic every-
where inside the path, for then the integral 1is trivially zero,

Consldering a closed path, we of course get no contributions from
end points., If the path can be deformed into another closed path
crossing Jjust one saddle point, and if this saddle point is higher
than all other points of the path, then this path is fit for applicat-
ion of the techniques of what we celled the second stage.

If we have a closed path of constant altitude, it need not solve
the minimum problem (the argument given 2t the beginning of sec.5.8
essentially depended on the fact that A and B were fixed beforehand).
For example, if w(z)wz'g, any circle whose centre 18 in the origin,
1s a curve of constant altitude, and none of them solves the minimum
problem, The minimum problem should be interpreted, in this case, as
the problem to find a closed curve C, encircling z=0 just once, such
that (5.1.4) is minimal,

5.10. Range of a saddle point. It is often quite difficult to dot
mine a saddle point exactly. However, for asymptotical purposes it
1s not necessary to take a path exactly through the saddle point. ng
sec.5,7 we actually did not use the exact saddle point of g(z)et hKZ},
but an approximation to 1it, viz, the saddle point of et h(Z)).

If 5 1s 2 saddle point of the function ¥ , then the range of 5
is a circular neighbourhood of ; s consisting of all z-values which
are such that }?”(5)(2- 5)2 is not very large.

This 1s obviously not 2 proper mathematical definition, how
useful it may be,

The word "range" is as unmathematical as words like "small",
"large compared to". We might easily give it a definite meaning, but
that would be quite an arbltrary one. And, as the word only plays =
role in what we have called the first stage, we need not be very
precise,

Occasionally, we shall also use the word "range" for the radius
of the circular neighbourhood mentioned above,

We have to remember that everything we are doing, depends on
the parameter t, although the letter t was not expllcitly written in
our formulaes, Especially, the saddle point 5 may depend on t, But
even 1f the saddle point is fixed, the range may still depend on t.
E.g., if {l(z)m—tz2 5 =0 is a fixed saddle point, and its range is
of the order of t <,

If we have to deal with an integral j'ely(z)dz, and if 3 is a
gsaddle point, then 1t 1s very important to know whether in the formula
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(5.10.1) W (z) =(%) + 34" (5)(z-5)% g¢"(5)(z-5)° + ..
the sum of the terms
(5.10.2) %\Pne($)(z«$)3 +

is or 1s not small compared to the term %\%"(})(2-3)2, when z lies in
the range of the saddle point, (Needless to say, everything depends on
the parameter t, and "small" has to be interpreted in the sense of a
O~formula 28 t— eo, If 1t is small, we are in a position to apply

the technique of sec.,4 band,as farssthe contribution of the saddle
point % is concerned, the integral can be successfully compared to

(5.10.3) fL exo ($(5) + 3 ¥ (5)(z-92) 0z = (emixy3)] V().

Here L 138 the axis of the saddle point, extended to infinity in
both directions, and the sense 1n which L 1s taken corresponds with
the sense in which our integration path crosses the saddle point. The
number « has absolute value 1, and its argument indicates the direction
on L (cf.5.7.2).

In the special case that Y (z)=t h(z), h(z) independent of t,
h'(¥)=0, h"(%)#0 (see sec,5.7), we have an example where inside the
range the terms of BPd and higher order are small compared to the
second order terms. For then (5.10.1) has a positive radius of con-
verge?ce R, say, where R does not depend on t. The range has the order
oflt’ﬁ, for by”(;)(z—y)gl is large only if |z- 5| is much larger than
t72, Furthevmorc, (5.10.2) converges if ‘7—51‘:R, and so its sum 1is
0((2—5) ) 1t |z- Fl 3R. It follows that the sum of (5.10.2) is
G{t"ﬁ ¢ (5)(z-3) )} (t >4R2 jz-51 <t 2) This means that inside
the range the second order term dominates all other terms,

If, on the other hand, (5.10.2) 1s not small compared to
%\P"(y)(z—y)g throughout the range of the saddle point 5 , it 1s
difficult to say anything in general, Usually it means that there are
other significant saddle polnts in the range of 5 , or that there are
even singularities of +'in that range. We shall come across a few
examples in sec.5,.14,

5.11. Examples, In the next sections we shall gilve some simple examples.
They will be somewhat artificinl in two respects. First, they did not
arlise from practical problems, but were Jjust designed to 1llustrate
some aspects of the saddle point method. Secondly, in each of these
examples only some of the typlcal difficulties of the saddle point
method will occur, whereas in most applications occurring in practice,
all possible difficulties occur 1n one and the same problem. We shall
give some of these more complicated problems in the next chapter,



5612, Our first example is

)
£{t) =~f exp((z+iz-23)t)dz,
o
which is of the type of the integrals considered in sec.5.7.

Even in a simple case like this, it 1s not easy to get an adequate
survey over the landscape, Fortunately, the problem can be solved
almost blindfolded.

We put z+iz—23=h(z). The saddle points are the solutions of
h‘(z)=1+i~322=0. So there are two of them, % and - %, where
¥ 229,372 . &/8 | 4t rirst sight it seems unlikely that - 5 needs to be
considered, and therefore we turn our attention to + 5, The axis of
this saddle point (see sec,5.4) has the argument - w/16, Therefore,
the straight line 1 connecting O and 5 cuts the axils under an angle
3m/16, which is less than /4. This means that 1 is a suitable path
in a neighbourhood of the saddle point. Furtunately this line also
serves our other purposes: 1t turns out that no other point of the
line is higher than the saddle polnt itself., For, if we describe the
line by z=evi/8x, 0 ¢x < o, the function h(z) becomes

h{z) = h(e“i/Bx) = 63W1/8(2%x—x3)t ,

L L1
and 22x-x3 1s maximal at x=x,= 2°'3 2, Therefore, the same thing

applies to Re h(z).

On the line 1 we have Re h(z)< Cx (C<0Q) for x sufficiently large,
and therefore, the contribution of the part from xo+1, say, to eo is
exponentially small compared to the contribution of the saddle point,

In order to evaluate the contribution of the saddle point, we

evaluate h(7)=(1+i)y -§3= %(1+i)§ =27/43~3/2€3Wi/8’
h(%) = 65 = -25/% 37 T8,

As we cross the saddle point from left to right, the number o

{see sec,5,7) equals c<=e”“i/16. So by (5.7.2) the first term of the

contribution equals
(Eﬂjé o-Ti/16 t"%(ZS/MB%)'% ot (%)

ze—ﬂi/16 2-1/83—1/4n% t»%‘ét h(s)

-

This gives a2t the same time the asymptotic behaviour of f, and so

£(t) ~ e TL/16 5=1/85-1/Myz 5 oy {27/43‘3/2e3“i/8t} (tsod) .
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5.13, Our mext exomple is
o0 3
F(t) = f p(z,t)dz, ¢ (z,t)eelt(32-27),
ﬁw

and 1t 1s meant to illustrate sec,5.8. There is an extra difficulty,
the path having infinite length.

Although y has absolute value 1 for all real values of z, the
integrel will be proved to converge, So]aﬁ tends to 0 if a— oo (t
fixed), but it is not true that [ 1is e¥ponentially small if a is
fixed and t— o, Tngrefare it is not advisable to spply the method
of sec,5.8 to Fo= and to maoke a-— coafterwards, To that end we
would need a formula for P, holding uniformly in t and a.

Therefore we prefer to replace the whole path (-oo,co) by a8 new
infinite path P, before we start making t-. oo.

The saddle points are z=-1 and z=+1. We first want to know what
the lower bank is (the words lower and upper bank refer to the mag-
pitude of the integrend, and not to lower and upper half-plane),
Taking z=x+iy, we have Re(it(3z~23))mt(By(x9~ﬁ)-y3). This is negative
for small positive values of y if -1<x <1, and it is negative for
emall negative values of y if x >1 or x <-1 {we of course assume t >0),
30 between x=-1 and x=+1 the lower bank lies in the upper half-plane,
and outside that interval it lies in the lower half-plane,

According to sec.5.8, we now construct a path crossing the
saddle-point 1 from north-west to south-east, from 1- e+1id to
1+€-148 , say, where & and § are small positive numbers, These
numbers are chosen such that the saddle point is the highest point
of that path., The saddle point -1 can be crossed by a similar path
from -1- £-18to -1+ e+16 ., Pinally we link the points -1+€ +1& and
+1- e +16 by a straight line, and we link the points -1- £-1d and
14+¢-1d to -o0 and +00, respectively, by lines parallel to the real
axis, This defines our modified path P,

The 1ntegral along P 1s easily seen to converge, as

lo(x-18 )= | (1+e-18)] .exp(-3 8 t(x°-(1+€)%)) <

< | P(1+€-18)] exp(-6 §t(x-1-¢)) (x >1+¢€),

and a similar estimate holds on the part of P extending to - oo,
oreov '
M er j?aﬁgﬂf
dz
1+€6-18 f
and h?(ﬂ&»&—i&)( is exponentially small, as Ra(1(3z-23))4(}at
z=1+& -1§ . It follows that the asymptotical behaviour of the integral

along P Jjust consists of the contributions of the saddle points 4 and
-—‘1.

<

o

/6 8¢,

¢ (1+ £-185)




R [e <}
We 8till have the question whethevj' mJ’ . When investigeting
-0
this, we can consider t as a positive cogétant. If b 48 a large
positive number we have, by Cauchy's theorem,

b ] wuié'j-b-—ié' J’b J -b
- o e + -
J—b P ‘b-id L co-id Jv-1§ J-b-id’

where the integration paths, apart from P, are straight horizontal or
vertical lines. It follows from the convergence ofj that the second
and the third integral on the right-hand-side tend Eo 0O a8 Do @,
The same thing is true for the fourth and for the fifth, as

b §
Jb~15

a{p BXQ(—t(3u(b2-*})—u3))du <
<C(«§',t)[ exp(—Btubg)dﬁ <C(5,t)/3’cb2,

and this tends t0,0 as b—s oo (C (d,t) is independent of b),
This proves thatj tends to j ag b—po0, So we have established the

convergence of j o’ and wg have shown that .f j

The contributions of the saddle points apre easily calculated
anyway thelr first order terms, At z=-1 the axis 18 exactly south-
east to north-west, and the number o (see sec,5,7) equals ewi/u.
Putting h(z)-1(32~z3), we have h"(z)=-61z, Therefore ]h"(-ﬂﬁzé. Now
(5.7.2) gives the first term of the contribution of -1, viz.

1 R S

(2m)2 /4 -k - 21t
Similarly we find for the first term of the contribution of the saddle
point at e=1 exactly the complex conjugate of this expression,

Our final result is that, /2
F(t) = 2(/3t)% cos(2t-T/4) + o(t™3/2),

In a case like this we cannot state that the first term gives
the asymptotic behaviour, as the error term is not always small
compared to the main term. It is not true that F(t)~‘2(ﬂ/3t)%COSGH%ﬂ7%).
The latter formula would imply that for large values of t, F(t)
vanished at exectly the same places wherc cos(2t-T/4) vanishes, and
this is not necessarily so.

5.44%. We shall now discuss some examples 1llustrating the notion of

the range of a saddle point (seec.5.10). We start from the integral
0 2

(5.1)_;.,1) J Q—tz dz,

o
whose saddle point is z=0. The circle |zl ¢ t“% can be consldered as
its range. The notion of range has some importance when one wants to
discuss integrals obtained from (5.14.,1) by small perturbations, For
example, in the integral
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22

o0
(5»1’”‘:@) J (‘14"12)% e"t dz
- Cu

the factor (1«»12)é behaves quite smoothly within the range of the
saddle point z=0 of (5.14.1). Admittedly it becomes large far outside
the range, But there it 1s quite innocent compared to the very small
factor e'tz » 80 that the contribution of these parts of the integration
path 18 nmegligible, This means that, although z=0 is not a saddle
point of (4.13.2), the integration path - co<x < o of (4,13,1) can
8t11ll successfully be used for the calculation of the ssymptotic
behaviour of (4.13.2). Actually this is what we did in sec.4.4, and
it 1s not necessary to repeat those details here,

Our next example is slightly more complicated, the extra factor
depending on t, We put

i ™ J -t22 e”
(Sa" »3) ;m(t) = ’we m dz,

where o is a positive parameter, For each fixed value of & the asymp-
totic behaviour (as t-—» ) is required, We shall investigate in what
respect this can still be considered as a "minor modification" of
(5.1%4,1).

The factor e” is harmless: it behaves smoothly within the range.
It gets large, however, if z 1s positive, and large with respect to 1,
but then the factor exp(~t22) is overwhelmingly small,

The factor ("l~s—’cng)"’1 behaves smoothly if tmze is small, for then
it can successfully be expanded into a power series, Also, if t“z2 is
large, that factor can be expanded as (t“ze)“1 times 8 power series
in terms of (t“zz)'q. The dangerous zone 1s the circular ring R where
t“?e is neither large nor small, and actually there are two poles in
that ring, viz, z=iit"%m. Now there are these possibilities:

z

{1). 0« & <1, Then the ring R lies far outside the range.
(11). o« =1, The ring R covers a considerable part of the range.
(111). e »1., The ring R lies inside the range, but is very emall
compared to the range.

Case (1). Here the state of affairs can be compared to the case of
(5.14.2). According to the technique of sec.4.4, we choose a positive
number T which 1s large compared to the radius of the range, and small
compared to the radii of R; we can take th'ﬁ, where 3 < 3 <4, The
integrals from T to o and from -T to - ware easily seen to be
O(exp(Tctq“Qﬁ)),with some positive constant c. As 1-2;7> 0, this tei.
is negligible., In the interval -1« z< T, the extra factor can be
successfully approximated., Taking the {irst three terms only, we have,
if -Tgz<«T,



ASE 70
e®(13t%%) " @ {142442® + 0(2)] {ut“zem(ta"z")} .
- ﬂ+z+(§~--t°‘)z2 - %23 G(taazu) + 0(23).
We now easily find (cf sec.4.1)

e 2
fu(t) = ,f {1+z+(§~t“)zg-t“z3}e'tz at + ¥ o(¢2%-247372),
o0

-

and therefore
R(t) =T {1-§t""1 + o(te‘“‘e)} (t—s o9,

Here we dealt with a few terms only, but it is easily seen that the
complete asymptotic series has the form

o0 o0

YT ey ©7F gmi(1-2)

2
Case (1i). If & =1, the function e'tz fails to be a good first

approximation to the integrand within the range, the factor (‘thz)'1
changing the scene entirely, In order to get a better survey, we first
transform the variable by 2zZ=t <w, thus obtaining a case where the
range 1s independent of t:

F,(t) = t"% J.c‘fxp(--wzit—‘c‘%w)(”\-&-wz)',1 dw,

The role which thus far was played by integrals of the type

o0 oD

j exp(—wa)wkdw, is now taken over by integrals J exp(—we)(1+w2)°1dw.
- DO oo

-

Otherwise the technique is the same as in sec. 4.4, We obtain the
asymptotic series
o0

v}
V=0 S t

r,‘(t)NZ

(t“‘"’w):

where e 2 .
Cy = {(2”){}-1 j e we (140%) ew,
- O

Case (1i11). ot >, The factor (1+tuz2)'q gives, in this case, two poles
which are very cleose to the point z=0, that 1s to say, very close
compared to the dimensions of the range., And, the integration path
passes just between the poles. We shall now shift the integration
part downwards, over a distance Et“%a', say, taking the resildue of the
lower pole into account., The effect is, that the path has hardly been
altered if we compare the shift to the size of the range, whereas on
the other hand (’H»’c"'rze)"/1 can be expanded into powers of 272 1in all
points of the new path, The residue at oit”%a equals
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r(t)= Qit'%“ exp(tr]“o‘ -1%"'%“),
gnd we obtain

(5.1%.4) F (t) = -271ir(t) +5 exp(-tz +z) (1+t%2 2) -1 gz,
P

the integration path P being the straight line from -21.t™2 -1e0 to
~21.t"%°(+1 o , On this path the expansion
(1~1»-’t:°"z22)"1 - t7%2 t‘QaE"u + t’th”é -

LK 4

gonverges uniformly (as ‘t 2 2 on the path). The function e® can

also be expanded into powers of z, and within the range £ is small,
Therefore 1t 1is quite easy to obtain an asymptotic series for

Pa{t) + 21 pr(t). But the situation is even more favourablej we are
able to prove that the asymptotic series is convergent for gll positive
values of t, and that its sum equals F (t)+2T1 r(t). To this end we
write

($)+2771 r(t)= j 2: 5:: exp -tz )(zk/k!)(_1)nt—(n+ﬂ)“z-dn:

“I>

where m-x-—?it"% , 8nd x 18 the new integration variable,

We now apply a theorem on integration under the sum sign, It can
be stated in a general form for Lebesgue integrals, but the following
more elementary form will do. Let fkn(x) (k,n=0,1,2,...) be continuous
functions (- <x < o), Assume that Zk o 2: ‘ ! converges
for all x (- «<x<e ), and that the double sum %:: n 0 kn(x)
rept‘esents a continuous function of x, Finally asaume that the funct?

g(x) wZK’O }:n Olf‘m x)} is such thatj x)dx converges, Then we
have 00
j Zz{uo Z n(x)dx = Z Z 0 J Jin(¥)d%,

and both the integral on the left and the double series on the right
converge absolutely. It 1s quite easy to prove the theorem, The fact
that we have a double series Instead of the usual single series, does
not cause any difficulty as it converges absolutely.

The assumptions of this theorem are satisfied in our case. We

“et) DI W 022)] (121 %/t) o7 (2F1) %)) 20041

hav

121 M‘ZiQ _1)-1.

= ’exp(~tz2)§, e ', (¢t
The function g(x) 1is continuous (- e <x < %), as talzlga,ﬂ for all z
on the path P, Moreover wg(x)dx converges, by virtue of the over-
whelming power of the factor exp(—tzg). (Notice that t is a fixed

positive number throug.... sorefore the theorem may



be applied, and we infer that

Fu(t)+2Tml r(t)= Z}:O Z::O t“(nM)o‘(«’])n(kl)"ﬂJ}; e:_{p(-—tzg)zk'zn'gdz,
and that this double series converges absolutely.

It remains to evaluate Fhe integrals occurring on the right. We
substitute -tzgzw, z=-1i(w/t)?, where the principal value of square
root is taken, If z runs through P, then w describes a path C start-
ing at -eo0, encircling the origin in the positive sense, and leading
back to -eo, The integral becomes

j exp(—tzz)zk'en"edz=-%t“1 Jﬂ exp(—‘czz)zk"m’“3 d(-tzg) =
by P

- _%t—ﬂ‘[ e", (1)7k+ent3 g (2n+3-k) 5 (k-2n-3) 4,
c

= (1) 4B g (13)),

according to Hankel's formula for (F(a))-q. Our final result is that

Y 1 1 oo oo ~n(e-1)-3k, -k
F (t)=T¢ che exp(tq'“~it~2a)—TTt'u+§ ka0 n=0 v -
- T k! M(n+3(3-k))

and the double series converges absolutely for all t >0, AS &« %1, onl,
negative exponents occur in the double series, and therefore the series
1s at the same time an asymptotic series,

If we expand the function exp(tq"o‘-it"ém) as a double series, we

get again terms of the same type. Combining the two double series, one
easily finds

1 oo c0 _ayhm  —3m(e-1)-h
B (p)=mes z:h=0 ijzo EEQ;![ﬂ(;m+1—h)v (&>0).

5.15. Exercises. 1. Show that

j:’it"(mg)"t ax ~ (T (1-c)/t)% e Ct(20)"" (terod .

o

1
where c=-1+22,

2. Show that
J , (x3+BX»2i)“n e ¥ dx,~;2e(1/4)n(TT/3n)% (n—s 0

where n runs through the integers.
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(Hoofdstuk 6 (Applications of the saddle point method) wordt voorlo-
plg overgeslagen).

7. Indirect Apymptotics.

7.1. Direct and indirect asymptotics., The first six chapters of this

book (with the exception of some arguments in ch.I) have been devoted
to asymptotical methods which we shall call direct methods. The common
features are (i) the function f(t) whose asymptotical behaviour (as
t— o) 1s required, is represented by some explicit formula in the
form of a series or integral, and (ii) this expression 1s split into
parts, some of which are proved to be small, whereas the dominating
parts are compared with known functions, and it is shown that their
deviations from these known functions are small; (iili) the final
result is then obtained from the fact that the absolute value of a sum
(i.e. the total error) does not exceed the sum of the absolute value
of the terms (l.e. the sum of the absolute values of the partial
errors). We remark that these direct methods are always constructive,
in the sense that the methods supply the means for replacing O0- and o-
formulas by definite numerical estimates (cf.sec.1.7).

Observing that the direct methods essentially depend on the in-
equality 1a+b|é la1+?b!, we remark that these direct methods work in
the real field as well as in the complex field, and actually they can
be applied to functions f(t) whose values belong to a system where
each element a has a "norm" {al, such that {a+bl £ }al+!bl holds (we
of course assume that the system i1s an abelian group with respect to
addition).

The remaining chapters of this book will show several methods
which are not of this direct type; we shall call them indirect
metheds, It is difficult to describe common features in the way we
did above for the direct methods. We shall indicate some aspects here
which are, however, by no means common to all indirect methods.

(1) Most indirect methods consider real functions only. Usually they
essentially depend upon the property that the set of real numbers 1is
a linearly ordered system (i.e. a system where an inequality relation
< 1is given, such that a<b and b<c imply a<c), and upon the fact
that any bounded monotonic sequence converges.

(11) Sometimes indirect proofs play a role. This may mean that the
resulting O- and o-formulas, which are statements as to the exlstence
of a number, or of two numbers, or of a function (see sec.1.2 and 1.3),
are reduced to statements expressing the absurdity of non-existence.

In such cases we cannot replace the 0- or o-formulas by definite
numerical estimations,
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However, non-constructivity can be the result of direct proofs as
well, In particular it can occur after an application of the theorem
that any bounded monotonic sequence converges: If aq<az<...<1, then
there exists a number « such that an=<<+o(1)(n~—a«9, but we cannot be
more specifilc as long as we have no further information about the an's.

(1iii) Frequently indirect methods essentially involve proofs by induct-
ion, We mention a typical argument; In order to show that a certain
function f(t) satisfies f(t)=t2+0(t) (t—> =) we show, for instance,
that [f(t)l « 10 (2«<t#3) and that, for all T 3, the assumption

[£(t)-t2]< 8ot (T-1<t<T)

leads to
|£(t)-t2] < 80t (T<t<T+1) .

Now the principle of induction shows that lf(t)—t23< got (t»2).

The difficulty with such arguments is the same as the difficulty
of induction proofs in general. It may happen that the induction step
falls if we replace 80t by 100t. Or it may happen that the induction
step fails for any inequality If(t)—t21<'At, but that it works for
some stronger inequalities of the type Jf(t)-tg. <At%. In other words,
it may happen that a stronger assertion is easier to prove than a
weaker one, |

Needless to say, proofs by induction often occur in cases where
we want to know the asymptotical behaviour of a sequence Lan} which is
given by induction, and where we do not possess a formula expressing

a, in terms of n (cf.ch.8).

(iv) Quite often we shall use explicit expressions of the function f(t)
(whose asymptotical behaviour is required), not in terms of known
expressions, but in terms of f itself. It may happen, for example,
that f(t) can be expressed, by some integrnl, in terms of the values
of £(T) in the interval t< T <es, Such cx, .ssions can often be used
for determining the behaviour as t— «; they may permit to transform
quite rough information about f£(tT) (in the interval te¢ 1 <ew) into more
definite information about f£(t).

For example, i1f we know that the real function f(t) satisfies the

relation
<O

£(t) = cos £t~ & J(£t2+(f(t))2}‘1 at (t51),
£
then it is easily seen that the integral is 0(t~ ). If follows that
£(t)=cos £7+0(t™1)=140(t"") (¢ 5 1), Inserting this into the integral,

we get [ {rraro(r™)f Tlat = {1_2“_4+0(T'5)}d1 =t~ %tf*%o(t‘q);*ﬁ
t t
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whence £(t)=14t" ]

1,-2 1 .-3 -4
-5 75 3 t77+0(t™ ),
The procedure can be carried on, and an asymptotic series for f(t) is
easily obtained.

(v) Sometimes we have to find the behaviour of a function f(t), given

by a number of data, one of which 1s a requirement about the asymptotic-
al behaviour itself. An example: Suppose that we are dealing with a
bounded function f(t) (in 0 ¢t < @) which satisfies a differential
equation, Suppose it turns out that this equation has just one bounded
solution. Now the problem is again to transform the rough asymptotic
information (the boundedness) into something more definite. Some of

the problems in ch.9 will be of this type.

(vi) Needless to say, many indirect arguments contain parts which have
a direct nature.

From the above remarks it will be clear that "indirect asymptotics"
indicates not so much a method as a lack of general methods. As the
further chapters of this book give indirect methods applied in several
fields, we give only one type of examples in the present chapter: some
of the simpler parts of Tauberian asymptotics.

Tauberian theorems are usually proved by indirect methods, though
this cannot always be said to be essential. However, thelr counterparts,
the so called Abelian theorems, entirely belong to direct asymptotics.

7.2. Tauberian theorems, A well-known theorem of Abel reads as follows:
[Za®)
If the power series > a xk converges at x=1, then 1t converges

k=0 "k
throughout the interval O<x £1, and its sum f£(x) satisfies
limx.aq,og % <A £{x)=f(1). Subtracting the constant value (1), we can
put this theorem into the form: If
(7.2.1) a, +ta, +...4a, = o(1) (n-—>00),
then we have

This theorem can be proved by a method belonging to direct

asymptotics. If we write A(y)= O<k4y I then we have by partial
summation (cf.(3.13.2))
n
<5 B
(7.2.3) 0 akxk = A(n)x" - log x j/ A(y) x¥ ay.
0

Taking a fixed value of x in the interggl 0 <x <1, we observe that
A(n)x"=0(x")——>0 as n-»00, and that f/ A(y)xYdy converges. It there-
fore follows from (7.2.3) that
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PG
(7.2.4) f(x) = - log x j[ A(y)xYay.
0
Now split the integral into two parts, If a number ¢ >0 is given,
we determine b s%ch that |A(y) <1 ¢ when b<¢y<oo. Then we have,

splitting [ m({ {
b 0
lf(x)q < '105 x‘ é in(y)idy + % ¢l1og x, érxydy.

The flrst term is <% & 1f x is sufficiently close to 1, The second
term 1s s 3¢ |log x| [ x¥dy=k¢é . It follows that |f(x) <& if x 1s
sufficiently close t3 1, so that we have proved (7.2.2).

Formula (7.2.4) can also be written in the form

PR o0
r{x) = [ a(y) Jay /] xVay,
0 0
and this expresses that f(x) is an average of volues of A(y), with
positive weights., Abels' theorem derives asymptotic information about
this average of A(y) from asymptotic information about A(y) itself,
The converse of Abel's theorem is not true: (7.2.2) does not

imply (7.2.4). It is easy to give a counterexample, If

f{x) = $-x+x -x3 . = 5(1-x)/(1+x) (0gx <),

then f(x)— 0 as x—1, i.e. (7.2.2) holds. However, (7.2.1) is false
in this case:

ag +a, oot = 5.(-1)" # o(1).

It 1s possible to prove that (7.2.2) implies (7.2.1) by assuming
some supplementary condition., The first result in this dircction was
obtained by A.Tauber, who showed that

(7.2.5) a, = O(haq) (n-waeu)

1s satisfactory: (7.2.2) and (7.2.5) together imply (7.2.1). It was
proved later by Hardy and Littlewood that (7.2.5) can be replaced by
the weaker conditions that there exists a positive constant C such
that

(7.2.6) 2, >cn™) (n=1,2,3...).

We shall show the sufficiency of (7.2.6) in sec.7.5.

The general terminology is modelled after this special case, A
theorem which derives, asymptotical information about some kind of
average of a function from asymptotical information about the function
itself, 1s called an Abelian theorem. If one can find a supplementary
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condition under which the converse of on Abelian theorem holds, then
this condition is called a2 Tauberlan condition, and the converse
theorem 1is called 2 Tauberilan theoren,

In sec., 7.3 we shnll deal with a quite simple case, and a more
difficult Tauberian theorem will be proved in sec.7.4%. A quite
general theory about Teuberian theorems was developed by N, Wiener.
For thils and for further detalls we refer to: G.A. Hardy, Divergent
Series (Oxford, 1949).

T.3. Differentiation of an asymptotic formula., Let f(x) be integroble
over any finilte interval, and put

(7.3.1) F(t) = éizf(x)dx.

Assuming some asymptotical behaviour of {(t), say
(7.3.2) £t) v t~ (t—sm0),

where « 1s a2 constant 20, it is easy to derive an Abelian result
about F(t}), in this case

(7.3.3) Flt)~ )™ €4 (2 ).

It was already pointed out in scc.1.06 that the conversce is not
always true, i.e., formal differentiation of (7.3.3) 1is not alwoys
legitimate. We nced a Tauberian condition, and as such we take

(7.3.4) f(t) is real and non-decrcasing (0 <t <o),

We shall prove the Touberian thcorem that (7.3.3) and (7.3.4)
together imply (7.3.2).
Let ¢ be a positive number. By (7.3.3) we can take T such that

[F(e) - (we1)™? 4F g g4t (t:1).

Let p and t be numbers such thet t3 T, t+n> T; p may be negative.
Then we have
P(t4p) - (¢+1) )t ¢ ¢ (g0 ang

taking dilfferences we find that

t+p t+p .
Z f(x)dx - é x* dxi < £t“+1+é(t+p)*+1.
t

+p
First assume p ’O't£§ follows from (7.3.4) that p f£(t)¢ { f(x)dx.
Moreover we have x*dx'cp(t+pf<. It follows that

£(t) ﬂ(t+pf‘ + 2¢& p"q(t+pf‘+1,

(7.3.5)

This glves an upper estimate for f(t), and we can still fix p in order
to make 1t as efficient as possible. Writing p=qt we get
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f(t) ¢ £* {(’H—q)ﬂ< + 2¢€ q’1(1+qY‘+q} .

It is not necessary to find the exact minimum. We only remark
that q should be small enough to kecp (4+q)“ within reasonable bounds,
and that q should be large with respect to ¢ in order to keep £q"1
small. So we take qm ¢ ¢, and we get

(7.3.6) f(t)s;t*-{(ﬂ+z%)A+ 2z%(ﬁ+;%y‘+1 (t>T) .

A lower bound 1slobtalncd by teking, in (7.3.5), p< 0. We
immediately take p=-£9t. Assuming ¢é<1, and t > 2T, we have p+t 3 T,
Moreover we have [pl f£(t)»y {t f£(x)dx, {x ™ dx zlp\(t+p)d, and it
follows from (7.3.5) that P P

(7.3.7) Plt) s £ i(w-&ﬁj* -25%} (t »2T).

From {(7.3.6) and (7.3.7) we can deduce f(t)~t* (t— &), For, if
¢'> 0 is given, then € can be chosen such that the factors between i}
in (7.3.6) and (7.3.7) lic between 1-¢ and 1+¢ . With this value of ¢
we can determine T, and then we have !f(t)-tdf& E'tx (t 3 2T). This
proves our Tauberian theorem,

t

7.4, A similar problem. W: again consider F(t)= / f£(x)dx, as in the
previous section, but instead of (7.3.2) we consgder

(7.4.1) £(t) = 2t + 0(1) - (t-= ).

Then we can derive by an Abellan argument
(7.%.2) F(t) = t° + 0O(t) (t->00).
We agaln ask whether the supplementary condition
(7.4.3) f{(t) is non-decreasing (0<t <)

is sufficlent in order to make (7.4.2) imply (7.%.1). It will turn
out that 1t is not. .
Proceeding in the same way as in sec,7.3, we choose a positive
function p(t) of t, and we obtain from (7.4.2) and (7.%4.3):
t+p ~
p f(t)s.g f(x)dx = F(t+p) - F(t) = 2pt + p° + 0(t) + O(p),

£(t)c2t + p + O(tp™ ) + 0(1).
The best possible O-result 1s obtained by takin§ p such that the terms

p and tp"1 are of the same order. So taking pntﬁ, we obtain
f(t) < 2t+0(t%). We easily get the corresponding lower estimate, and so

(7.4%.4) f(t) = 2t + O(t%).

Roughly speaking this 1is the best possible result that can be
derived from (7.4%4.2) and (7.%.3). More precisely we shall show that
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there exists a functionlf(t) satisfying (7.4.2) and (7.%.3), which is
of the form f(t)=2P+O(t§), but which does not satisfy
1imt«>mxf(t)-2t)t‘f=0.

A good example can be obtained by graphical arguments., We shall
assume that ]F(t)—tgis t (t»0), which means that the graph of the
functions y=F(t) in the (t,y)-planc lies below the graph of y=t2+t and
above the graph of y=t2‘t, as far as values t >0 are concerned, We
shall denote the parabole y=t2+t by K? and the parabole y=t2—t by ﬁé.

The condition (7.%.3) means that the graph of F(t) 1s convex., We now
want to draw a convex curve between W% and Wé which behaves as irregular-
ly as possible. By irregularly we mean that the deviation of the slope

of the graph from the slope of the paraboles is occasionally large.

We therefore choose the graph of F as follows. We take a sequence
of points PO=(tO,yO), Pq=(t1,yq),... on T,, such that, for cach value
of k, the line connecting Pk and Pk+1 touches W? in a point somewhere
between these two. Now the graph of F is the broken line PoPﬂPQPB"‘ .

It does not matter that F has no derivative at the vertices Pk’
for f is not defined as the derivative of F, but F is defined as the
integral of f. We can give f(tk) any value between the slopes of
Pk-1Pk and PkPk+4'

The cordition that PP ]
geometry, easily translated into the relation (tk+tk+1'2) =4tktk+1,
whence ‘

touches ﬂé is, by elementary analytic

P

t =t

K+ + 2 + (8t

k k> *

If X is chosen arbitrarily, then tq,tg,... can be evaluated
successively., Accidentally we are able to give an explicit solution.
(If we were not, we should have to study the asymptotic behaviour of
tk, as k- 0, and that can be done by methods indicated in ch.8), If
we take t_ =0, then t,=0+2+0=2, t2=2+2+4=8, t3=8+2+8=18, ty=32, t5=50,.¢
and 1t 1s easy to show that tk=2k2. Now the slope of PkPk 1 is easily
seen to be (2k+1)2, and the point of contact lies at t=2k“+2k, We
therefore define £ Dby

2 2

£(6) = (2k+1)° (k% <t <2(k+1)%, k=0,1,2,...).

noj-

Now obviously f@@J—th=4k+1:>tk , SO that (f(t)—2t)t'% does not tend
to zero. The function f(t) is obviously non-decreasing, and

F(t)= [ £(x)dx lies between t2-t and t°+t for all t. This follows
from the geometrical argument, but 1t can of course be verified by
integration, which gives

2 2

F(t) = to+t - (t-2k-2k)% =

82t + (2(k+1)°%-t) (t-2k°) (2k%< t < 2(k+1)?).
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L3

From these formulas it 1s evident that tg—ﬁé:F(t)at2+t (0t <),

We Jjust established that (7.4.3) 1s not a satisfactory Tauberian
condition in order to pass from (7.4.2) to (7.%.1). We sh2ll now
assume a much stronger condition: we assume that f hos a non-negative
second derivative:

(7.4.5) r"(t)z 0 (t=0).

Moreover assuming (7.4.2), i.c. F(t)mt2+o(t), we can derive (7.4.1)
by some simple arguments, Wo can even prove more, viz, that there
exists a number b such that {(t)=2t+b+o(1). First we remark that
£"(t) > 0 means that £'(t) is non-decreasing. If for some t, we had
f'(to)ua, where a > 2, we would have f'(t)r.ﬁ(twto), and this would
conflict with F(t)nt2+Q(t). So f'(t)s2 for 2ll t, and 1t follows
that f(t)-2t is non-increasing. If t~t,>1 we have
T
- F(t,) +t,° = g'( (£(x)-2x)dx = (t-t,)(£(t,)-2t,).
1
If A is such that iF(t)-t2§ <At (t >1), we infer that f(t,l)-“tq
So f{t)-2t 1is non-incrcasing and boundcd bulow; 1t follows that
f{t)-2t tends to 2 limit whun t-— oo, We can also say somcthing
about f'(t); as f' is non-decreasing, ' <2, and f(t)=2t+b+o(1), it

oo
1s evident that £'(t)=2+0(1), and c¢ven that w( (fr(t)-2)dt converges,
0

P(t) - t°

?"Ac

s}
X+2,X+.,. bc a power scrics, con-

7.5. Karamata's method., Lt At X+,
vergent if x| <1, and lct some asymptotical information be given
about the partial sums A4%...*0, 38 n—>00, If this behaviour 1is not
tog irregular, wce can deduce, by Abelian arguments, the bchaviour of
the sum function

r{x) = A, + a.x 4+ ngxg ol (x{ < 1)

as 0<x <1, x-»1, (A special casc of this problem and of its Tauberian
counterpart was discuss.d in scc.7.2).

Next assume that the asymptotical behaviour of £(x) (as x—»1) is
known, and that we want to derive information about the partial sums

A(n) =<5 k=n - These can be written as

=7 -k/n
(7.5.1) A(n) = 4i“k=0 ay gle ) (n>0),
wWhe re

0 (Os’xce'q),

(x) = |

1 (0”15 X £1),



In Karamata's method this discontinuous function g(x)isaporodiratil,
in some sense to be specified later, by a polynomial P(x). If
m

S

P(X) =£.~.J=1 P »xj:

J

then the sum corresponding with (7.5.1) is

(7.5.2) > p(e™9/Py 2

k=0 %k

If P is fixed, the asymptotical behaviour (as n—oo) of the right-
hand-side is known.
The method can be applied to a fairly large class of cases., We

shall specialize by taking a fixed real number )’and assuming
<

. < k _
(7.5.3) £{x) -_-/_L.k:_o a, X = o((1-x) ‘Y) (0<x <1, x->1),
Using the Tauberian condition
(7.5.%) a > -C (ki) ™7 (k=0,1,2,...),

where € is a positive constant, we shall prove that

n

(7.5.5) An) = 2oy o 3 = o(s¥)  (n—se).

The speclal case yY=0 already has been announced in sec.7.2 (this
case is uswually deduced from the case ¥Y=1 by some auxiliary Tauberian
theorems, but Karamata's method is strong enough to cover the case
Y =0 as well).

As to the approximations of g(x) by polynomials we shall stipulate
the following conditions. Let h be an integer, hz 0, h> -) . We may
take for h the smallest integer satisfying these inequalities. Let
be a positive number, O< &< 4. Then we want to have polynomials
Pq(x), P,(x) such that

P(x)ce(x)epy(x)  (0ex <),
‘de)— %tﬂ}é 2 (0ex <),
|2,(x)-P, ()< € x (0ex<e™ 179,

We do not require anything regarding the degree or the coefficient of
these polynomials, The possibility of finding Pq and P2 c§n be shown
as follows. We first get rid of the discontinuity at x=e~ ', construct-
ing continuous functions gﬂ(x) and g,(x) such that gq(x)s;g(x)s;gz(x)
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P S -
(0€x <1), gy(x )Mg (x) = g(x) 1f x«e™ 1% or xye *E,

gg(x)-gﬁ(x) «11f € x<e” MY, Next we determine o polynomial Q(x)
such that 0(0)=&(0), A(1)=g(1), @' (1)eg'(1),..., 2B (1)ogm=1)(1),
Actuslly Q(x)=1-(1-x)" is already suitable, but the explicit form of
Q does not matter., Now (gg(x)—Q(x))X-q(1-x)‘hu¢%(x) is 2 continuous
function in O s x £1. By the Welerstrass approximation thhorem we can
£ind 2 polynomial RQ(X) such thot {@2(){) z}é -R, ( )| < l:(O‘-x 1),
Putting Q + x(1- )h Ry=P, we observe that gq(x)~ Po(x ) g,(x +5éx(1—x)
(0O+x21). Similarly we construct Pq(x) such that
gq(x)-%é'x(ﬁnx)"h& Pa(x) «g,(x) (0«x €1). Then P, and P, obviously
satisfy 2ll requirements,

By (7.5.1) and (7.5.4) we have, for 211 positive values of n,

(7.5.6) —}\n +>’W1{20 g]k Pj( “'k/ﬂ) / S C(k*}"‘) -1 (g(&—k/n) P ( —k/n))
(7.5.7) &y =2 oy Pale™M) L2 s(esn) e mg(e 7K/,

in virtue of the fact that g-P 0, P,-g2> 0. The right-hand-sides are
S5 Y -1 Q/ 2 Zk/n

at most L., o C(k+1)" 7 (P (e™*/7) -P 4 (e )). This amount is easily

estimated above, by splitting the sum ectording to ksn(1-¢ ),

n{1-&)< k <n(1+¢), n(1+¢t) < k « » . We have, for the first part of thc

sum - — h
4_’ Y"ﬁ “k/n
§;0<@k:6n(1— €) * 2- 0eksn(1-g)CUt) 70 (1-e77T) <
T y=1.,h -h | Y
£ iken £C(k+1) K'n "¢ ¢CDyn,
where D, depends on Y, but not on &and n. For, (k+1)y'1 (lfH-‘!)}+h -

and )»+h 1s positive, and if ;i is a positive number, we have o(lﬂ-"}fej =
=0(n?) (n>0).
The second part of the sum has 2t most 2 € n+1 terms, and so

- ) - -1

& )"
2= )eksn(148)¢ 2 o (4o g)sen(1eg) (81T € 20 (26041) D0 T,

where D, depends on ) only (we can take D, j) 1’, since 0« & <%
guarantces that n/3 <k+1<3n if n(1-¢)¢ k:én(1+€)).
The third part of the sum is

< } keq) =7 -k/n Y
( o -y s
~k;)'h(’H"(‘.') mkzn(qq}_&) ( 1) £ ¢ \tCDBn 3

where D3 depends on » only. This is easily obtained by uomparing the

sum with the corresponding integral Jf y-1 e -x/n dx = ﬁy;é y 1 ydy
So the sums occurring on the right hand-sides of (7.5.6) and (7 5. T)
are at most éCn’I(D1+NDQ+DB+2n D ), where the D's depend on ¥ "

only,
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—0
The sum EL. a. P ~k/n

ka0 2k ,1( ) occurring in (7.5.6), can be estimated by
Virtue of (7 5.2) and (7.5.3) (1t may be noticed that P,(0)=0). As
(1- e™d r]) j'}'ny (n—s =, j fixed), the sum is o(n*). Mom precisgly,
wWe can determine-a number Ngs depcending on ¥,: and on the polynomial
P,\, such that the sum 1is, in absolute value, lcss than ¢en’. The same

thing holds for the sum with Pg, occurring in (7.5.7). We can assume

Tthat n, serves both P, and P,, W: finally obtain, from (7.5.6) and
(7.5.7),

1, -1

la(n) < (cp, + 4D, + CDy + 207 &7 €Dy + 1) (n>ng).

/1
If moreover n > ¢ "'/l, we infer that [A(n)| < &n Dq, where Dy is independ-
ent of € and n, As £is arbitrary, this proves (7.5.5).

If y>0, we have

— 00
/_. — ..y
2.._}{:0 (k+’l)3 1 XkN Ty (1-x) (0<x <1, x —>1),
T—n (1{"{"/\])}}_1 *\z)/‘qn}/ (n"-";‘i\'))'
4“'k=0

So for ) >0 our result can be put into the following form. If

. &)

Z a Xk ~ (1—7()_}/ (O‘X <1

k=0 "k s x=1),

Y =1
a, > =C(k+1) (k=0,1,2,...),
then we have

ST e ()T (),

=0
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8. Iterated functions,

8.4. Introduction. Many problems in asymptotics can be stated in the
following terms: Let 2 sequence of functions Fq:Fg:"' be given, and

let x_  be a number. Now we put x1=F1(xo), x2=F2(x1), x3=F3(x2),.7.,
assuming that F,I is defined at L F2 is defined at Xq5 etc. The
problem is to find the asymptotical behaviour of X, asn tends to
infinity.

In the present chapter we shall discuss only a very speclal case
of the problem% taking all functions Fq’Fg"" to be one and the
same function f. Nevertheless, cases where the Fi are different can
quite often be tackled by methods devised for this special case (for
instance, see sec.8.5). This remark holds for still more general
cases., We mention the possibility that Fn 1s a function of n variables
instead of one variable, and that X is defined recursively by
xn=Fn(xo,x1,...,xn_q). A further generalization is obtained if we
replace the x's by functions and the F's by operators, Under this
heading fall many asymptotical problems about the solutions of
differential or integral equations.

'8;2. Iterates of a function. From now on we shall take all functilons

Fk to be equal to a fixed function f, and the problem becomes what is
usually called an iteration problem. We have

X, = f(xo), Xy = f(xq), Xy = f(xg),...
We shall denote by fn the n-th iterate of f, which is defined Dby
£4(x,) = f(xo), an(xo) = f{fn(xo)} = fn{f(xo)} (n=0,1,2,...).

Therefore we have x =f (x_ ) (n=1,2,...).

For a moment we assume that f is defined everywhere, so that
there ié no question about the fn's being defined or not,

It may be possible that the sequence Xo’xﬂ’X2’°" tends to a
limit c¢. If the function f 1s continuous at ¢, the relation xn+1=f(xn)
showWs that c=f(c)., Therefore, if f is continuous everywhere, the
possibilities for ¢ are restricted to the solutions of the equation
c=f(c).

Convergence to a point c, where c=f(c), can often be proved in
the following way. We show the existence of a neighbourhood N of ¢
such that, once some X falls into N, the sequence Xn+1’xn+2”"
converges to ¢, In such cases it is 1likely that the asymptotical
behaviour of X, (as n——>00) can be studied in detail, especially if
f(x) is analytical at x=c,
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The problem whether for a given value of X5 there exists an n
such that X, lies in that neighbourhood N, is of a different nature,
It is often quite easy if { is 2 real continuous function and x 18 8
real variable., We shall discuss 2 general example,

Assume that f(x) is continuous in the interval J, defined by
cex<d (d may also stand for + ™), Furthermore assume that f(c)=c
and f{c) <« f(x)<x if xeJ, x>c, Then we have, for any x in J, that
liﬁw¢“’fn(x)mc. For, our assumptions imply that { maps J into itself,
and therefore the same thing can be said about f2’f »e.. » Further
£(x) <x (x eJ) guarantees that x> 1,(x)»f(x)> ... . As all £,(x)
are in J, the sequence is bounded below. So lim f _(x) exists, and so
it tends to a solution of x=f(x), which cannot be anything but c.

A similapr discussion applies if f(c)=c, x <f(x)¢c in an inter-
val d<x <c.

It has to be remarked that 11%M¢{mfn(x) need not be a continuous
function of x, If, for example, we apply our previous results to the
function f{x)=x+sin x it follows that the function 1iwmﬁoqfn(x)a p(x)
exists for all x, and is described by ¢(0)=0, ¢(x)=T (0 <x <2m),
p(2n)=2m, @(x)=37 (2w<x <khn), ¢(4m)=br , @(x)=57 (4ex<bm), etc.

However, the situation can be much more complicated than in the
cases we just discussed. If f(x) is continuous in -oo <X< 2 , and 1if
f{x) <x in an interval ¢ <x<d, with f(c)=c, but if f(x) is not s f(e)
throughout that interval, then the behaviour of x, (as c<x <d, n-—>00)
is no longer exclusively determined by the behaviour of { in the
interval ¢ <« X «d. In such cases the complete discussion of the
behaviour of X, can be very difficult, ’

We again turn to the local problem, 1.e. the question what
happens in small neighbourhoods of a polnt ¢ where f(c)=c.

Without loss of generallty we take ¢=0 (otherwise consider f’,
defined by f‘(x):f(x+c)-c; notice that its iterates are f;(x)zfn(x+c)«c),
and on behalf of the relation c=f(c) we now have £(0)=0.

In order to be able to be more specific we shall assume that f
is analytic at x=0:

(8.2.1) £(x) = ax + a2x2 + anB o (ix] < p)

where p 1s some positive number. The coefficlients aq,ae,... are
allowed to be complex numbers, and x 1s a complex varlable.

The absolute value of the coefficient a, is decisive for our
problem, If ]aﬁi<.1 the sequence X_,X,,X,,... converges to O indeed,
provided that the starting point'xc is sufficiently close to 0. More-
over the asymptotical behaviour of X is not difficult to find (see
sec.8.3). Convergence is rapld in this case. If 0 ¢}aqi<-ﬂ, then



log lxn”11 behaves as Cn, where C 1is a positive consta t. If aq=o the
convergence is even much faster (see sec.8.4). If !a1l> 1 it is easy

to see that X, does not converge to O, unless the xn's vanish identical-
ly from a certain value of n onwards, If laqizﬂ the problem is more
intricate (see sec.8.5), and if there is convergence it is quite slow,

8.3. Rapid convergence,

If \aql <1 we are in the fortunate circumstance that the iteration
problem for f(x), given by (8.2.,1), can be solved by a direct method.
That is, for x_ (defined Dby x =f (x,)) we can derive a new formula,
from which the asymptotical behaviour of X (as n—> ) can be obtained,
provided that 1x04 is not too large.

We assume here that aq¥0; the case a,=0 will be discussed 1n sec.

8.32.
We start from & rough estimate for fn(x). Let b satisfy laqﬂc b <1,
Then there exists a number P4 (O<<p1~:p) such that

/‘

(8.3.1) 0 < e ()} < pTixt (n=1,2,...5 0« fxl < py).

For, the power series for x~

£(x) has this value a, at x=0. Therefore
p4 can be found such that !x{ <p, implies O‘<§x"qf(x){< b. So if x
satisfies 0 <lxola p, we have O:ﬂquﬁbixgi, and therefore O <lqu< P,
In the second step we infer that O «\x21<.bixq\ and O<¢ﬂxd <p,. By
induction we find 0 < |x l< bsx 1] and O-len[< D It follows that
0 <‘xnl< ‘xo, , and (8.3.1) follows.

We next prove that, if x_ is fixed (O<:]Xol<.p1), then x a,
tends to a limit which we denote by «(x_). We have
(8.3.2) §n+1 = rixn) = 1 + 22 + o3 X ...

X X 3 0 a n
1%n “1%n “1 “1

-n

3

and this is close to 1 if n is large. Writing 1+rn for the right hand

side of (8.3.2), we infer from (8.3.1) thag r = 0(v"). Consequently,
n-

the product 11 (1+r, ) converges. As 1] equals x_a, 'x =1
k=0 k s k=0 n o 7
infer that xna,l"n tends to a limit «w(x_), where

we

(8.3.3) w(xy) = xg TT.25 (ar,).

o}

n-1 w(x,}),

As £ (%)) = £ _(£(x ) = £, _,(x,), we also have x ~a,
=2, w(x,). That is, the function tw satisfies the

and therefore cU( )
so-called Schroeder equatlon

(8.3.4) w(r(x)) = aqcu(x) GX%<D1) .

It should be remarked that «w(x) is analytical inside the circle
1xh:p1. This follows from the fact that each factor 1+rn in the pro-
duct (8.3.3) is an analytical function of X, and the product converges
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uniformly for x
We put

o 1n that circle. And (8.3.3) shows that w(0)=0, w/(0)=1.

(8.3.5) w(x) = x + d2x2 + d3x3 L DO (Ix]< pq),

The ceoefficients dg’dg"" can be determined recursively from the
identity (8.3.4)., Once we have determined d2:d3""’dn-4’ we can
evaluate d by equating the coefficients of x" in (8.3.4). This gilves
a linear equation for dn’ which does not contain dn+1’dn+2"" . In
this equation dn gets the coefliclent a{q , and this is #0 by our
assumption that O*ﬁiaqi< 1.

By repeated application of (B.3.4) we obtaintu(xn)ua;ku(xo), and
solving this for X, vwe get an explicit formula. The Lagrange Inversion
formula gives the inverse function .l of w , satisfyingi).@o(x))xx in
a sultable circle x| <«p

_81

o and

(%) = x + egx2 + 63X3 Foaas (1x} < pg).

We remark that the coefficients of {) can be evaluated recursively
without using the coefficients of « . To this end we can use the
identity f(f)(y))xfl(aqy), which follows from (8.3.4) by putting f(x)=y.

If pjxmin(pq,pg), and Ux < Py then we have by (8.3.1) that
gxni< Py for 2ll n, It follows that

(8.3.6) X =§1(ﬁqnu-(x0)) = aqqn(xo)+egaq2nus(xo)2 + ‘

+ ega,}Bnm(xo)Bﬁ oo . (1xl < DB).

This formula gives very satisfactory information about the behaviour of

Xn when n-—-> s,

Although 1t has not direct consequence for asymptotics we mention
that the above formulas can be used for continuous iteration, That is
to say, we can define functions f\(m) for 211 » » 0, such that
£, (£, (x))=t,, (x) (A 30, «30), f,=f, and £_ 1is the identity
(fo(x)zx). If XA is 2 positive integer f, is the A-th iterate of f,
The functions fy can be defined by

f%(x) ] ia?to(x)% (1x] « p3).

8.33.Very rapld convergence. In sec.B8.3 we assumed that 31£0. Here we
briefly indicate what happens if a,4=0. If all coefficients in (8.2.1)
vanish, then all X, are zero, and there is no problem. S0 assume that
8, 18 the first non-vanishing coefficient, and that k »>1. Without loss
of generality we take a =1; otherwlse consider f"(x)sdquﬁxx) where «

is chosen such that 2y k"1a1) So we put



k k+1 k+2
f(x) = x + Bpq X tap. X t o

The iteration machinery can be controlled by the following formulas:

. ' Kk
r%ﬂyﬂ)ifn(x)g =w(x).
w{0) = 0, w'(0) = 1.
w(£(x)) = (w (x)¥.
fn(x) =0 g(m(x))kn} ("l = inverse of w ).

This is only the formal side of the matter, but it is not difficuﬂt to

finish the details in the way it was done in sec.8.3,

B4 . Slow gonvergence. Our next case is the iteration problem for a
funetion £, in the form (8.2.1), with la,l=1. We shall treat a typical
example, viz., f(x)=sin x = x - x3/31 + X%?5§

write

- +«.. . As before, we

sin, x = sin x, sin(sin x) = sin_(sin x) = sin X =sin_ x_.

n+1x5 o)

if e CRH LT, then we have 0 < s8in X< X Therefore, by induction,
Q< X <7 for all n, and Xy > X, FRAERE It follows that 1lim X, =C
exists, and that c » 0. It was remarked in sec.B8.2 that ¢ has to satisfy
the relation c=f(c¢), therefore we have ¢=0, We now raise the question
of the asymptotic behaviour.

There is a difference between thils case and the case of sec.8.3,
In sep.8.3 (and also in sec.B8.3%) there was convergence to O for all
eomplex XO inside a certain circle. In the present case this is no
longer true. For example, if we take X purely imaginary, Xo=i to
(to> 0), then we have x,=1 t_, where t _=sinh_ t_. And 1t is easily seen
that O<~to< t1< ..., and that tn tends to infinity, no matter how small

to was chosen,

> X

In sec.8.3 we were able to solve the problem by means of certain
series 1n terms of powers of x, for which it did not matter whether X
~was real or not. In the present case it seems to matter indeed, and
therefore we cannot expect to be able to do much with such power series.
Apart from that, the study of complex values of X, seems to be difficult,
and so we shall confine ourselves to real values of . It is no
essential restriction to assume that O«;xo'<7r(x1=sin X satisfiles
-Tt<:xq<.ﬂ anyway, and sinn xo=sinn_1xqg furthermore owing to the
symmetry there 1s no harm in considering positive values only).

We shall give two different solutions for the problem of the
asymptotical behaviour of sin_  x_. The first one (secs.8.5 and 8,6) is
quite natural, and uses ideas which are generally applicable in iteration
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problems; the second solution (secs.B8.7 and 8.8) is more effective,
but essentially restricted to iteration problems of the type we are
presently dealing with,

8.5. Preparation., The following question will serve as a preparation,
et UgsUnyene be 8 seguence of poslitive numbers, and agsume that

(8.5.1) U 4= U - uné + O(un3). (n=1,2,3,...).

What ean be said about the asymptotical dbehaviour of u, a8 n-—»00?

In the first place 1t 1s clear that nothing can be said if we do
nat. assune something like uﬁ~+0. For, if p and q are fixed poslitive
numbers, G« p < g, then any arbitrary sequence of numbers iun} with
D+, &« q obvlously satisfies (8.5.1).

We want to be more speeific about the O-termy Let A be a fixed
pesitive rumber such that
(8.5.2) lu ?| ’

"un + U ‘Auﬂ (UE/‘,EJB"-n)’

n+1 n

It 1s not difficult to show that there exists a number p . O, such
that, whenever O*-uk<~p for some value of k, we automatically get
uk:>uk+4>-uk+2 > heey andguk«*g. To th%s egd we choose p such that
Q<«<x <p Lmplies both x-x"> Ax” and Ax” < x° (therefore Ap:&ﬂ) Then it
fellows from (8.5.2) that O<uy <p Implies O<wu, ,<u <p, and so forth,
The seaguence is decreasing and bounded below, and so it converges to a
limit ¢, with 0 €c <p. From (8.5.2) we infer that ic—c+c2§<~ch. As
Ap £1, O<c <p, it follows that c=0,

We just learned that elther all u are »p or U tends monotonic-
ally to O, For the latter case we can prove a much sharper result:

(8.5.3) If u —0, then un:n’q + O(n“glog n).

This can be proved as follows, By some simple computations we find that
#here exist positive constants K and N such that, for all n» N the
following 1s true: for all x in the interval

(8,5.4) Ocxen b 4+ K n"glog n
we have
(8.5.5) 0O<x - x° + Ax3<;(n+1)'q + K(n+1)'2 log(n+1).

Now let k be chosen such that O<uy « N1+ kN2 log N; this 1is

possible by virtue of the assumption udmao. Then 1t 1s easy to prove
by induction that

0 <y < (Nm)™7 + K(N+m) ™2 Log(N+m) (m=0,1,2,...).
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-1

Therefore u<n™ " + O(n"elog n). A similar (but slightly more complic-

ated)argument can be used for the lower estimation.

The difficulty lies, of course, not 8o much in proving a result
like (B.5.3) as In guessing what .one has to prove, That n ' is a
first approximation may already be guessed by comparing the difference
equation u  ,-u = -u n2 with the differential equation u'(t)=-{(u(t ))2,
whose solutions are u(t)=(t+c)” 1. It 18 not so easy to describe how
the O(n log n) can be guessed, It requires some imagination and
experience to see that just the term K n“2
of passing from (8.5.4) to (8.5.5).

Accidentally there is a much simpler way to prove (8.5.3) It
depends on the substitution un:vn"q, which transforms the equation
(7.5.1) into a more suitable form. There is no obvious reason £o expect
this beforehand, but it 1s suggested by the form of (8.5,3). We obtain
from (8.5.1)

log n creates the possibllity

2yy=1 2
Vigq = v (1-u  + o(u %)) = v (1+u +0(u %)),

and therefore

(8.5.6) Vagq = Y = 1 # O(vn'ﬂ), V- u.

As Vi 2 for all large n, we infer that Ve~ Vn:>§ and therefore
vn» n/4 for all large n, and 1t follows that Vi, -1 =0(n" 1) Consequently

n+1 -v ~ﬂ+0(n ), and this leads to vn=n+0(1og n). As {n+0(log n)}

54

=n" +O(n 1og n), we again have (8.5.3).

About (8.5.1) we proved (8.5.3), that is a statement of the type:
1f the un’s are not too large, then they are very small. Without proof
we quote two similar results, whose validity is, however, not restricted
to real sequences,

(1) If the sequence {an} satisfies, for all n,

(8.5.7) a 1

2), lim n~ a, =0,

-1 -2
neq=3p = 0(n7 ) + 0(n"%a

then we have anuo(log n).

(11) If the sequence{bn%satisfies, for all n

-2, 2 -1
b 4q=0, = o(n b ), lim n” b =0,

then we have b =0(1).
Theorem (11) can be used for the proof of (1), Theorem (1) is
related to (8.5.1): assuming that we have already established N el



‘u, satisfying (8.5.1), then the substitution u_=n” +n”2a_ leads to

(8.5.7).

8.6, Iteration of the sine function. We return to the iteration
problem for the sine function. It is assumed that O-<x0<11, X
xeasin L etc, We showed already that xﬁwao. We have

4=8in X,

- af - 3 5
X = sin x = X - X/ /6 + X /120 + ...

n+1 n

As the series contains only odd powers of X the formula can be
simplified by putting xn2=yn

2 2
Viq = yn(ﬂ-yn/6 Y, /120...)

Writing y_=3z_ we obtain something of the form of (8.5.1):
n-°°n

(8.6.1) Zo4q = 2(1-2,/2 + 3’zn2/1+o-...)2 = zn—zn2+225?5 o

(zn=xn2/3).

As Zn 0, (8.5.3) glves an asymptotic formula for Z,s viz,
zn=n'q+0(n‘210g n).

Further results can be found by inserting this result into the
equation (8.6.1), This leads to a better approximation of Zhpn~%n
from which a new asymptotic formula for z, can be obtained. This
procedure of step-by-step improvement of an asymptotic formula was
already described at the end of ch.A.

. . -1
Calculations are somewhat easier i1f we consider wnzzn

instead
of 2, the same substitution that gave such an easy success 1n sec.8.5,

The relation between W and xn is

and we know that w s eo, Further, W satisfies the recurrence relation
-2

(8.6.2) Wooq o= Wb+ 3/5w, + O(w_ ~°).

It is not difficult to obtain the full development. By different-

lation of the well-known series for cotg x it follows that

=T -
(8.6.3)  (sin x)72 =2~ (=1)¥(1-2k)B,, x°°9(2k)!,
k=0 2k
where the B's are the Bernoulli numbers. If follows from xn+1=sin Xn
that 30
-k k _
Wq = w2 w T5(1-2k) (12)% By, /(20) 1 -
(8.6.4)
_ 3 -1 2 -2 3 -3 18 ol ‘
=w, + 1+ & Wy t o7 Wy Ty Wy, + IB5 W toeee
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Just as in our conclusions about (8,5,6), we have W -1 =0(n” ),

and w_=n+0{log n), Inserting this into (B 6.4), we obtain
-1
Woq = W= 14 % n~ ' + 0(n~ 1og n).

From this we infer, putting W =N+ % log n + tn, that

-2
t -t = 0({n " “log n),

n+4

angd Jt follous that t, tends to a limit, to be denoted by ¢, and that

tnmc+:E:k-n {8-tis) = C+O{§z; K2log k)-"ﬂ*ﬂ{ﬁoqloa,n}«

Substivuting w_=n+ % log n +C +r, rnno(n"qlog n} into {8.6.4), we
obtain

2
log n , 41-42¢ log“n
Po¢T™n =~ é% w-ad 7on2 ¥ 0("5?'1'

and we eeslly infer by summation that
2
log n ~-79+210C log™n

This procedure can be continued, and it is not diffieult Lo show
that there exists an asymptotic series for L of the form

> og n) " n
10 4;_1 ®11

In other words, w_ 1s of the form n Q(n '110g n, n’q), where Q is an
asymgptotic serles of the same type. Finally we get for x n3 W % an
asymptotic series, of which we produce a few terms here:

(8.6.5) x =sin x mB%n <. % -}35——— "2

- E“ +n «.1og2n+,310g n+ y )+

+ O(n"31033ng,

(o 2T 9 9 3 42 7
(- RRAAR R RS R AR X

The value of C of COurse'depends on X.. It is remarkable that
the first two terms of the asymptotic series are independent of Xye

In order to find out something about how C depends on Xy We
replaced C by }?(xo) and we consider the following abbreviation of

(8.6.5):

(8.6.6) xﬂ,,:.;%f% i,‘_ _% 10§ n _ ‘?’é;‘o) . o(n"elogen)} )

where

As x

n+q=Sin x =sin (sin xO), we have
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- §(x,) -
xn+1w3%n b 3ﬂ- g% lO% ﬁ - gno + 0(n Qlogan)};

As x_ . =8in xn»sinn(ain x,), we have

_3én“% iq_ *% 1o§ no_ {(S

N+
in xo)

en

-2, 2
X4 + 0(n""log n)} ,

and B0

ng-xnw%.B%n"B/g% F(xg)- Plsin x)} + o(n™>"2108%n).

On the other hand, we have x_, _,-X =sin xn—xnn~xn3/6+0(xn5)u~33/2n'3/2/6+

+0(n"5/210g n). Therefore, it results that'y satlsfies the equation

(8,6.7) ¥ (sin x ) —\f(xo) = 1.
The function~? 1s uniquely determined by (8.6,6):

- Sy 3 - - D 3/2 "%
%%(xo) = 11§Wq60%2n £ log n X, 0 3 } R
It ean be observed from this formula that x%(x)a\%(w~x) (0<xem),
and that k%(x) is non-increasing In the interval 0<x < m/2, (For, if
X decrenses, and n 1s fixed, then X, decreases). Furthermore we have
{A(x)——»m 1f x--»0 (x>0).

8.7. An alternative method. Our second method for dealing with the
asymptotic behaviour of sinn xo has some analogy to the contents of
sec.B8.3. It starts from the Schroeder equation (8.3.4), or, what 1is
slightly simpler in our case, the socalled Abel equation

%:if(x)} - (x)=1 Ethe connection between the two is expressed by the
relaticn ua(x)maﬂy ¥Jy. It 1s a functional equation for the unknown
function \P, whereas f 1s a given function. In the present case 1t
beeomes

(8.7.1) ¥ (sin x) -y(x) = 1.

A speclal solution was obtained at the end of sec.8.6, but we shall
not use thils information here,

Restricting ourselves to the interval 0<xs¢ =n/2, it is quite
easy to describe the general solution of (8,7.1): Choose an arbitrary
function #f*in the interval 1< xs¢3mn, and take ¥ = ?akin that inter-
val. In the next interval sin 1< x <1 we take \} such that (8.7.1) is
satlsfied, Next we define it in the interval sin2 1< x <sin 1, such
that (8.7.1) again holds., Continulng this process 1Indefinitely we
obtain a solution for the interval O<x<irm.

It is clear that the asumptotic behaviour (as x-—0) of this
solution Y (x) can be described to a certain extent once the asymptotic
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behaviour of sinn x 1s known, We want to go the other way round,
however, 1n the following order: (i) Find an explicit solution,.
(11) Determine its asymptotic behaviour. (1ii) Apply this to the
asymptotic behaviour of sinn X,

Properly speaking we do not require for our purpose that the
solution 1s explicit itself, but only that its asymptotic behaviour
is explicitly known,.

Instead of asking for elementary functions which approximate a
solution of (8.7.1), we start with a simpler problem: we ask for
elementary functions W for which VW (sin x)-V(x)tends rapidly to 1
as x—0, One of the first functions to try 1s a monomial x%H(x)=ax’
(b >0). It gives

b

wﬁq(sin x) —\?1(x) = a(sin x)'b-ax'b =
- ax”P {(1—x2/6+...)’b—1} - ob x5 v L

We want 1t to approximate 1, and this is achieved by taking b=2,
a=3. So }&1(x)=3x'2, and

2 2x4 6

\//,](Sil’) X) - \{/,}(X) = 1 + %— +—FB— + éz(gg + ... ‘\

(the series on the right equals‘ﬂéz:oy(—M)k(2k+1) Boyyo xgk/(2k+2)l,

cf.(8.6.3)).

We next want to modify ‘#H in order to compensate the term X2/5.
Therefore we try to find a function X, such that X 4(sin X)- X%(x)
is approximately —x2/5. We notice that a monomial does not work now.
The following argument shows that it is worth while to try log x: if
we replace the difference :Xﬂ(sin x)—;Kq(x) by (sin x-x))iq'(x), we
see that fﬁq'(x) should be approximately 6/(5x).

Actually, if we take ?{1(x)= = log x, we have
X (sin x)- X (%) = © 10 (sin x/x) = - 53 - §i~ +
s 1 &l = 5‘ g = 5 /ISO s o8 e

If we take §b2= Vﬁ+ Xq, we have

Yo(sin x) - V¥,(x) = 1+ p(x),

p(x)=(+52—3-—7,—;—5) x4+...=—~3—-§——-%+glogSi§X.

sin™x X

We can go on this way, by choosing X, such that j(Q(sin x)—jtg(x)
equals approximately -p(x), and so on. In this way we would still be
constructing approximate solutions instead of approximations to a
solution, Fortunately we are able to indicate an exact solution of
the equation Y (sin x)- X (x)= -p(x). This equation 1is satisfied by
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the function

(8.7.2) jxe(x) = p(x) + p(sin x) + p(sinyx) + @(sinax)  oaes s

We only need’'to show thot the series 1s convergent for all real values
of x. This immediately follows from the formulas p(y)=0(y~ ) (y—0)

il

and sin X = O(n7¢) (n—ea), whence p(sin_ x) = O(n'z)(nwwnm).

The formula sin, X = 0(n7?) can be proved in the way we proved
(8.5.3). We shall, however, indicate a short independent proof: If ¢
1s a positive constant, then the iterates of the function f(x)=
mx(1+£‘x2) % can be evaluated explicitly. We easily find f (x)=
=x(1+n ¢ xe) "2, Furthermore it is not difficult to show that & can be
chosen such that sin x <f(x)<x (0O<«x <1). Now if x is such that
sin x >0 we obtain sin,x < f(sin x) <1, (x), sinyx < f(sin x)a £(f 2(x))
=f3(x), etc. It follows that sin_ x <fn( x), and so sin_ X = O(n~ “).
The assumption sin x >0 is, of course, no essentlial restricticn.

We just established the convergence of (8.7.2), but we shall need
something more, viz. an estimate for ;Xg(x) as x-»0, We shall prove
that

(8.7.3) X,(x) = 0(x%)  (0<xsdm)

,.m:

We established before that p(x):@(xu), p(sing x):O(n'g). We can
easily be more specific: There are constants 61 and 02 such that
§p(x)$<m§qxu, lp(sinn x)] ¢ an"a (O<xe¢dn , n=1,2,...). It follows
that 2, _ .4 p(siny x) < C, n=1. Purthermore we have, if O<xs3$ 7,

o 5 oo 2y ¥

2o k=0 p(sin, x)< Ch, “—1p (siny x) < C ey o X = Oynx

So for 0<xg3m and for all values of n we have

LXQ(X)] < an”q +Cy nxa.

)

We now choose n: As X &57 , we have 3x “> 1, Let n be the smallest
o] - ——.
integer exceeding 3x~ °. Then 3x 24 1< bx ~, and so

' ¢ /i ~y awat
}“Q(X)% < (‘3’ v b‘*’rs):

Lo

which proves (8.7.3).
As X2 exactly satisfies .Xg(sin x) + X5(x) = -p(x), the function

(8.7.4) )b(x) = Bx g~log X + X

X, given by (7.7.2), 1is an exact solution of (8.7.1). We have the
estimate (8.7.3) for X,, but 1t is not difficult to see that there is
an asymptotlec series
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(8.7.5) :Xz(x)fw chg + cuxu + c6x6 Fouen s

The leading coefflcient equals cgm79/1050. We shall show the
first step of the proof of (8.7.5); 211 further steps are analogous.
We have X, (sin x) - X, (x) = -p(x) mﬂ%Xu+..., with &=-79/3150.
Furthermovg (sin x)k-xkz —kx® e, L (k=1,2,...); here we use the
case k=2. Now put ,Xg(x)m-ﬁmﬂx2+ Xé(x), then Xé{sin X)=- Xé(x)n—q(x)
1s a power serles starting with a term 4x . And from X, (x)=
=q(x)+a(sin x)+ q(singx)—... we argueﬁ in the way we proved (8.7.3),
that q(x)=0(x"). So Xg(x)=*331x2+o(x ). It should be noted that the
functionsp(x), q(x),... are power series, with a positive radius of
eonvergence, but that it is very Improbable that the same thing could

be said about X (x) (or )Xj(x),...).

8.8, Final discussion about the iterated slne. The asymptotic inform-
ation about ¥, obtained in sec.8.,7, will now be applied to the problem
about sinﬂ Xx. To this end we start from the formula

(8.8.1) V(sing x) =0 + V¥(x),

which 1s a direct consequence of (8.7.1). We shall consider x as a
fixed number, and n as a large integer. As VY 1s a glven function,we

can consider (8.8.1) ns on eguatlon for the unknown guantity sin = Xx.
Therefore the question to express the asymptotlical behaviour of the
solution sinn X in %evms of the parameter n 1s a problem of the type
discussed 1in ch.1.

We replace the unknown ainn X by the single letter u, The eguation

can be written nos

(8.8.2) 3uT? o+ g log u + ?%%U 9% 4... -~ (%) (n—roo),

In some respects the question is more difficult than the problems
considered in ch.1, Firstly, the left-hand-side represents the function
yv(u) asymptotically, but probably not exactly, and »ﬁ(u) is probably
not analytic at u=0. Secondly, we are not yet sure, that yzis monotonice,
and therefore the uniqueness of the solution of *w(u)zn+f%(x) is un-
proved as yet. (This refers to the gquestion whether sinn x depends
uniguely on \#(x); it is of course trivinl that sinn x depends uniquely
on x),

But fortunately we need not bother about the existence and unique-
ness of the solution u of (8.8.2). For, u=sin_ x 1s 2 well-defined
quantity, and the thing we want to do is to obtain asymptotic inform-
ation about u in the w2y we use to handle the solutlon of an equation,.
In other words, u is not virtually unknown, but the fact that links
our problem with the problems of ch.1 1s that the asymptotic behaviour
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of u is unknown,

To start with, it easily follows from (8.8.2) that u»u(B/n)%.
This will be used repeatedly for estimating rounding-off errors.

In order to eliminate the difficulty that the left-hand-side of
(8.8.2) represents \f(u) only asymptotically, we break it off somewhere,
after the second term say, and the error made thils way 1s transported
to the right-hand-side. At the same time we substract on both sides
(3/5) log 3 in order to simplify further calculations. So we have

- -t g
(8.8.3) 3u e, g log(37°u) = n + 3L(x) -f - % log 3.

Here p is equal to (u) minus the left-hand-side of (8.8.3). So by
(B.7.4) and (8.7.5) 1t is asymptotically

(8.8.4) / x/cqup + cuuur +... (u—0), and therefore 1’m0(n'1)(nmwm).

Replacing the right-hand-side of (8.8.3) by y, we have

L =2 6 Ja
U+ m log(372u) = vy,

and y=n+0(1), for x i1s a fixed number. Putting uw(B/y)%v we get

2 . 3 log y 6
(8»8.5) Y = [ B‘ ""'"'g}""‘“‘" - ‘[5‘9" 10% Ve

We know that v—»1, and so log v = 0(1)., Raising both sides of

(8.8.5) to the power -4, we get

*
e
e

(8.8.6) ve=1-1% i%-19%~x - é% log v% + O(y“zlogzy)
and so v=1 + O(y'ﬂlog y), log v = O(y'qlog V).
Inserting this into (8.8.6) we get

2 o - 2
V=1 - s iﬂ%_i + O(y "log%y),

3

: -1 -0 ) ‘ . )

and s0 1log vV = - 5 ¥ qlog y + O(y “log“y). Now we again raise (8.8.5)
kS

to the power -5, and we develop a little further; according to the

formula

L SERE] -
(142)7¢ = 1 - sz + %2“ + Q(zj).
Then we obtain

- ; s
4 _1f3logy 6 o, ). 3 (3 log ¥y =31,03
vV o= 1 = 573' v ‘5-5/- 10&-) v ‘ + 8’ (5 v ) + O(y 1083 y).

Contenting ourselves with a third order error, we thus have
2
. _ 4 _ 3 logy 27 log"y _ 9 log =37 03
(8.8»!) v o= 1 W 9 +m——4§-2—— W‘—yz—l“}‘(}(y 108 y),

It is not difficult to show that there exists an asymptotic series
in terms of powers of y"1 and ;y'(1 log y. Actually the equation (8.8.,5)
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can be transformed into an eguation of the type (2.4.6) (put v=e%W),
and it follows that the asymptotic seriesli§ even convergent,

We next replace, in (8.8.7), v by 372y2u, and y by N+ (x)+
+p - % log 3, /3=O(n"1), and then we get a sin x expressed in terms

-5/2

of n, with an error term O(n 1og2n):

(8.8.8) u=sin_ x = (B/n)'%{ﬂ— %% n~l log o - z((x)- % log 3)n"1+

+ O(n‘glogen)} .

Comparing this to (8.6.6) we learn that there is a simple relation
J(x) = Y (x) - & 1og 3

between the special solutions k%(x) (see sec.8.6) and ﬁb(x) (see sec.
B.7) of the Abel equation (8.7.1). Incidentally this shows that ¥ (x)
is decreasing (0 <x < n/2),

Refinements of (8.8.8) can be found as follows. On behalf of
(8.8.8) we can improve our formula f>=o(n‘1). Formula (8.8.4) gives

-1

f=3con o+ O(n‘glog n).

Inserting this into (8.8.7), with y=n+ %(x)—f?, we get the next
approximation to sin_ x, already given in (8.6.5). It is clear that
this process can be continued indefinitely, and it follows, for the
second time, that there exists an asymptotic series,

Above it was remarked that the asymptotic series for v, of which
(8.8.7) is a beginning segment, is convergent in the ordinary sense,
There 1s no reason, however, to expect this to remain true for the
series that expresges v asymptotically in terms of n. For in passing
from y to n we use the series (8.8.4), and that one cannot be expected
to be convergent in the ordinary sense,
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Ch.9, Differential Equations

9.1. Introduction, Many problems in pure and applied mathematics are
concerned with the behaviour of the solutions of a differential equat-
ion at a2 singular point. Such problems are obviously of asymptotical
nature, for by a transformation of the independent variable it is al-
ways possible to transform the singularity to infinity, and the
question takes the followling form. Let F(t,y,y',...,y(m))=0 be a given
differentlal equation for the unknown function y=y(t). How do the
solutions behave as t-—~2?

Such questions arise, for instance, In stability problems, in
problems about linear or non-linear oscillations and in guantum

mechanics., Another type of avnplicat . on lies in the fact that one can
study the asymptotical beraviour of a ylven function, a Bessel function,
52V, Irom the differcntisl eauatlion which 1t satisfies, instead of

rrom one of the explicit expressions for that function,

There 1s a wide variety of problems in this field, and there 1is
A vzat literature about it, It is out of question that an adequate
gurvey could be given within the scope of this book. Nevertheless, in
the few problems we shall discuss here, several ideas appear which
can be applied in many other cases.

Problems on differential equations are usually very flexible,
owing to the possiblility of transforming both the dependent and the
independent variable. After such a transformation the problem usually
locks different,

Another general trend in the asymptotics of differential equat-
ions 1is the following one., Usually it is quite easy to guess on
asymptotic formula, or even anasymptotlic series, and more often than
not 1t is much less easy to prove that it is an asymptotic formula
indeed.

If we have to prove a certain asymptotic formula for a certain
solution of a differential equation, then the obvious thing to try
is, to enclose this solutlon between functions whose asymptotical
behaviour is known. In many cases such inequalities c¢an be derived
by simple theorems of the tollowing type.

Let y(t) be a solution of the first-order differential equation
y'=F(t,y) (agteb), and let (t) be a function satisfying
¢ (t) «F(t, p(t)) (ested), ¢(a)sey(a). Then we have ¢(t)«y(t)
(a <t g¢b). (So in order to prove an inequality for y(t) it is not
necessary to solve the differential equation explicitly, as functions
¢ satisfying ¢'<F(t, ¢) are of course quite easy to find).

Proof: We first show that there is an interval (a,a+ § ) where
e(t) <y(t). This is trivial 1f ¢(a)<y(a). If ¢(a)=y(a), we have
@'(a) < F(t, y(a))zF(t,y(a))my'(a), and the existence of such an
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interval again follows., Suppose that the inequality ¢(t)< y(t) can
not be sontinued over the whole interval a < t ¢ b, Then there exists

a number £ f{a <c &b) such that y(c)=y(c), and ¢'(t) <y(t) (a<tec),
This implies ¢'(c)2y'(c), but now ¢'(c)< F(c, p(c))=F(c,y(c))=
y'{c) leads to a contradiction.

The question whether in the above theorem the signs <« can be
replaeed by < , depends on more delicate considerations about the
uniqueness of solutions. For, if ¢ and y were different solutlons
of the differential c¢quation, both having the same value at t=a, then
#{t)cy(t) (8 <t <b) would not be necessarily true.

9.2. A Riecatti equation, Let ~(t), s(t), }(t) be continuous real
funetions for t >0, and let k be an intezer ~ 0, We consider the
differential equation

$0-2. eTK (1) = () +a(8) ple) + y(e) p2(0)

4

for the unknown function .f(t). (We choose greek letters for the
functiens &, /3, Yo f in order to be able to use the corresponding
latin letters for the coefficients of their asymptotic expansions),

Az to the existence of solutions, the state of affairs is only
slightly less simple than with linear equations, Since the equation
£an be written as f’(t)zF(tzp), where T is a continuous function in
both variables as long as t >0, the following existence theorem holds,
It to >0 and fo are given real numbers, then elther there exists a
sqlution r, with /?(to)m,fo’
there 18 a number tq> Ly and a solution fﬁ(t) in the interval toat~t
such that “f(to)zlﬁo and /?(t) tends to +o00 or to -oe if t tends to
t:,l from the left,

This fact will be repcatedly used in the following way. If we
have pumbers t_, p and A(A>0), and if we have proved that for no
value of t,(t,>t.) there cxists a solution p(t) (t <tet,) with
]*(to)z ﬁO,Q;V(t1)l> A, then we know that there is a solution p(t)
(tog t< s ) Wwith the initial condition jo(to)zto (and satisfying
br(e)ls a (tyst <o),

As, 1in our case, F(t,;?) has a continuous derivative wlth respect
top, there 1s no difficulty about the uniqueness: any solution is
uniquely determined by its initial conditions.

A clear 1dea about the existence of solutlions of 3 Riccatti
equation, and of their singularities, can be obtained from their
relation to linear second order equations. For example, the equation
Por ﬁz = x(t)+ p3(t) is related to y"-, 3(t)y' - «(t)y=0 by the
substitution y'/y=p . If y(tq)so for some solution y, then the cor-

in the whole interval tos t<ow, oOr

/‘,
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responding function p has a singularity at tmtqz it tends to + oo if
t tends to tq. The existence and location of roots tq, however, ob-
viously depends on the choice of the ratio A:B of the integration
constants in the gencral solution y(t)xqu(t)+By2(t).

Returning to the equation (9.2.1), we shall make the further
assumption that the asymptotical behaviour of each of the coefficients
~, /3, y (as t—s o) is given by anasymptotic series:

-1 -2

A () v a, +a, bt o+ Attt o+ L (t-—ov),
- -’
(8.2.2) A(t)~ b+ bt Tt e L, (t->oe),
- —"}
)”(t)«) CO + thl 1 + C‘?t R P (t«»mﬁ),
and we assume that
(9.2.3) b« 0, c = 0.

It is our aim to prove that there is a class of solutions, whose
behavisur is also given by an asymptotic serics

(9.2.4) pE)~ rg + r,)t"1 + rgt'g Fooo. (t—>o0).

More precisely, we shall show the exlstence of numbers to> 0
and A >® sueh that for every numbcoer Lo in the interval -A < fbﬁ:A
the solution with l°(to)= f, can be continued indefinitely to the
right, and has an asymptotic series of the form (9.2.4). Moreover,
the coefficients PoslqsTns.-.. ATE independent of 4p0.

It 1s not generally true that all solutlons have this behaviour.
For example, the equation ﬁp‘(t):-—’}—j’?(‘c,)~~‘c"i pg(t) has the solution
/9(t)=-t, and moreover it has solutions escaping to -co if t tends to
some finite number t,. (This can be seen from the equation y”+(1+t'1)y‘+
n““yao, and the substitution y‘/y:t'qff).

Let A be a number exceeding ESaO/bOI. By virtue of (9.2.3), t
can be determined such that

1

(9.2.5) Alt)<o,  2le(e)le ala(t)l (£>5,),
and we can determine t0> ‘c1 such that
(9.2.6) 28 1y (t) <i2(t)] (t2ty).

Let ¢, denote the constant function P (t)==A (t2zt]), and ¢,
the constant function ?2(t)=A (t xto). It follows from (9.2.5) and
(9.2.6) that

£ gy (0) < 4 (1) +8(8) py(8) +r(0) g5(6)  (Eatg),

€7 (6> w(8) +a(t) gp() + (8] #hle)  (t>t,).
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By virtue of the theorem of sec. 9 1 we infer that any solution Jo( )
of our equation t kﬁp —a&+‘ﬁ”+/7” w1thl/3 t )\ A automatically
satisfies lﬁ(t)isgA for all t>t_ as long as j°(t) exists. So these
solutions can not escape to + oo, and it follows that they can be
continued indefinitly to the right and that they satisfy‘/?(t)\s A
(t2t_). We shall only use the fact that they are bounded: p(t)=0(1)
(t—e0). A solution will be called bounded if it is bounded in some
interval (tB,oo), although it is possible that this solution can be
continued over some interval (tq,t3) or even over (-no,t4) without
being bounded over the extended interval.

In our ncxt step we show that p(t£)=0(1) (t-=o0) implics that

(9.2.7) rlt) = r + O(t"q) (t—s o0), where roz—ao/bo

We consider a special solution p(t), bounded in some interval
tos=tt:oo. Again we introduce two auxiliary functions

P15 (t) = ro-h 7, pt) =g At
and we try to determine A > O and tq> to such that
(9.2.8) £~ K 51 (8) < =) *,3(8) @t) + y(t) @f(t) (t=t,),
(9.2.9) £ ¢ (8) > % (8) +,2(8) ¢(8) +r(t) @E(t) (t>5,),
(9.2.10)  py(t,) & p(g) € pyle).

To this end we rcmark that both sides of (9.2.8) have asymptotic
serics., In both sides the constant term of the series vanishes., The
coefficient of the term t’q vanishes on the left; on the right it

equals (notice that cO=O)

a r

q - bOA + b PO + cq 5

1
Since boc O, we can determine A > 0O such that this is > 1, say. There-
fore it is easy to find t, such that (9.2.8) holds. Morcover, we can
argue similarly about (9.2.9), and it results that A and tq can be
chosen such that both (9.2.8) and (9.2.9) are satisfied. However,
(9.2.ﬂ0) gives a difficulty: it is easlily satisfied for a specilal t1
by making A sufficiently large, but in the previous argument the choice
of t1 was depending on A, We therefore restate things more carefully,
considering both t and A as varlables s
We have g(t)=r +O(At ) 5 2(£)=0(1)+0(a%t7%), «(t)=a _+0(t™"),
A(t)=b_+0(t" 1), y(t)= oMy, ¢ 4’(t) 0(at™%"2), where all O-symbols
refer to t>t,, A1, say. It follows that /,(t)yg(t)=boro-boAt"1+
o(t~ 1) +o(at™?)
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¥ (£)£5(e)=0(t7")+0(a%3),

and the right-hand side of (9.2.8) exceeds the left-hand-side by the
amount

")+o(m“9)+o(ﬁt“3)xm"‘{ b +0(a™")+0(t™T)s0(at™3)}
It follows that (9.2.8) is truc when A,t, and t%A'1 are sufficiently
large, and the same thing applics, of course, to (9.2.9). Next we

eonsider (9.2.10). As p(t)-r_=0(1), (9.2.10) holds if At} is suf-
ficlently large. So thc question remains, if C 1is any large number,

-1 -
-b AT +O(t

whether A and tq'1 can be found such that
A>C, t.>C, t°A s ¢, at." s ¢
> a s bq » 47 ’

This can be achileved by making Amtqj/2 and taking t1 sufficiently

large. Thus we have found A and t, such that (9.2.8), (9.2.9), (9.2.10)

/!
hold simultaneously.

By the theorem of sec.9.1 we now infer that
£y(8) < () €6 (t) (t>t,),

and thus we have proved (9.2.7).

a0 that the result we just

Next we write f(t)=r_ +t7 r.(t),
=0(1). We casily derive the

(
proved 1is: if /ﬂ(t)zo(ﬂ), then'ﬁq(t
diffcrential equation

-K - . - . o2

(9.2.11) £ .[%(t) = mn(t) +,>1(t)fq(t)+ gﬁ(t)wq(t).
with , 2, .

oy = t{ =+ roxs) troty,

V . -k=-1
34 = 3+ 2?01 + t .
-
=t y.

The new coefficients X @%, )1 turn out to have asymptotic series
again, and the analogue of (9,2.3) holds. Applying the above result
to our new equation, we infer that there exlsts a constant T4 such
that, 1f o (t)=r +t7" 5 o(t), then p,(t)=0(1) implies po(t)=0(1). As
this procedure can be continued, 1t 1s clear that [, (t) has an asymp-
totic development of the type (9.2.4).

The coefficients PyslysT .. follow successively from the above

5
procedure. It is easier, howeger, to proceed by the method of undeter-
mined coefficients. Just substitute the formal series ro+r1t“1+r2t'2+...
into the equation (9.2.1), taking as its derivative the formal
derivative —rqt'q-Qret'Q—... . Then requirc that, for each value of n

(n=0,1,2,...), the coefficients of t™" on both sides are equal, This
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produces a set of equations from which, in virtue of bOJO, cOmQ, the
numbers Cy2Tqse.. CBD be solved successively. The validity of this
procedure 1is easily proved from the fact that there exists asymptotic
series both for p(t) and for t'k_p'(t), but it can also be shown by
comparing the two procedurcs from an algebraic point of view,

With our equation we have a typical case of stability. If fq(t)
1s one of the bounded solutions, and if t 1is given, then there exists
a positive number ¢ such that any solution whose value at to gatisfles
iﬁg(to)- Pﬂ(to)§‘ ¢, also satisfies /pg(t)- fﬁ(t)‘maO (t—»>>), For a
special value of to it 1s contained in our previous results, and it is
not difficult to show it for arbitrary values of tﬂ. It is quite a
strong type of stability, for 174 and [0 have the same asymptotic
series, and therefore p,- fﬁ=o(t‘“)(n=1,z,3,...). We shall even show
that r,- /dzo(e'Ct) with some positive constant c,

Let [H and f@ be two bounded solutions, and put Fo- fqz'/. If
/H(t)=/p2(t) for some t, it holds identically, in virtue of the unique-
ness. So we may assume that jﬂe(t)>[ﬁ(t) for all values of t. We evi-
dently have _k
EO =apr rpCrato)

and consequently

£ = (e o(eTT),
As /s ~ b +..., by« 0, and 7(t)>*0 for all t, we have, for some t,» O,
' -k k .
7'/ < Ebgt (t=t,).

It follows by integration that n =0 gﬁxp(botk+1/2(k+1))} .

9.3. An unstable case. We again consider the equation (9.2.1)

(9.3.1) prE) == (t) +a(5) p(t) +x(t) p5(t),

and again we assume that 4y 3 and )" have asymptotic developments
(9.2.2), but instead of (9.2.3) we assume

(g.3.2) b, 0, c = 0.

Formally nothing has been changed, ard thorefore we can again
find a series r_ + rqt'1+r2t"2+... which formally satisfies the equat-
ion (in this formal procedure the sign of bo is irrelevant; it is only
the condition b0¥0 that matters). The difference with the case boco is
that in the present case there 1s only one solution having this series
as its development, and that one 1s the only bounded solution (i.e.
the only solution which is 0(1) when t -9,

We start by defining the functions yé(t)sroaAt"q, yw(t)=r0+At'q
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(rou-ao/bo), just as in sec.9.2, And again we can fix A> 0 and t,> 0
such that

(9.3.3) £ (8)> w(8) +A(E) B(E) +X(8) ¢3()  (taty)
(9.3.4) 7K G (t) « o<(t) +/3(t) ¢ (t) + () gﬂﬁ(t) (t>t,).

The inequality signs are differcnt from those in (9.2.8) and
(9.2.9). In the present case the conclusion is, that if a solution
/r(t) exists in an interval (tz’tB)’ where ty2 t,, and if /m(te)cgé(tg),
then we have /?(t)azyb(t) (t, < t«~t3). Similarly, if a solution p(t)
exceeds ;g(t) at t=t,, where t,>t,, then F(t) >y§(t) for 2ll t »t,,
as long as Jp(t) exists. So the situation is just the opposite of the
one in sec.9.2,

We just made a statement about solutions w:gs or > ¢y, but we
would rather know something atout solutions between ¢§ and ¥y
This can still be achieved with the aid of the theorem of sec.9.1,
by taking T=-t as the independent variable, so that dp /dt=-dy /dT.
That 1is, we observe what the solutions do if t is decreasing instead
of Increasing. Our conclusion is as follows: Assume t,l tte, and let
the number £, satisfy ga(tg) g’ngéyh(tg). Then the given equation
has a solution £ (t) in the interval t,et=ty, with f?(tz)z fo and
ya(t) </>(t)<.¢4(t) (tqs t < tg). (The solution determined by /*(te)z
o cannot tend to +a° when t tends to some ty (tqi t3¢-t2) from the
right, for then there would be a number ty (tB‘;th‘;tE) where lv(tu)
= 3 (ty) or ¢, (ty), and we would have a contradiction).

If p, ranges through the closed interval Wé( ) < < [y s Fu(ts)s
then the value /1 A/(tq) ranges through a sub-set of the interval
‘P3( )“’ “‘f"(t )

If follows from the general theory of differential cquations that
,fq is a continuous and increasing function of p,, and therefore this
sub-set 1s again a closed interval. We shall denote it by i(tz) (t1
is consldered as fixed, and t, will be varied).

The set 1(t2) can be interpreted as the set of all numbers £
with the property that there exists a solution f”(t) in the interval
tyet ety satisfying 73 (t) = < ¢, (t) throughout that interval.
It follows that 1(t2) i(t +1). Now applying this with t,=t,+n

2
(n=1,2,3,...) we get a sequence of closed intervals

1(t1+1) D 1(t1+2) > 1(t1+3):> cee s

and therefore these intervals have a number 4f% in common. Denoting
the solution with the initial value fH at t by P (t), we know that
this one can be continued up to tq+n, and stays between @ (t) and
7 (t) (tqé t <t +n). This holds for any value of n, and thererave
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p‘(t) can be continued to infinity, and
i
2(0) e p(E) e gy (1) (6> ,).

Thus we have proved that our guation has a solution of the form
ro+0(t"q). We ncxt show that there is only one such solution. Let
/iq(t) and [“g(t) denote solutions which arc both bounded in an inter-
val t_ < te<oo. We suppose them to be different: pa{t)vj%(t) (tﬂ>to),
say. Putting p,(t)- £,(t) =7 (t), we would have (cf. the end of scc.
9.2.), for some s

H B e }{ -
_/'/)1} : %bot (t’ tq)
and it would follow that

(9.3.5) ) > ¢ exp 5botk+q/ﬁ(k+1)} (t>t,)

wlth some positive corstant ¢, So ' would tend to infinity, whereas
101 and S o are bounded, This 1s contradictory; hence there 1s just
one bounded solution,

In order to get the full asymptotic expansion for /’?t), we

write, as 1in sec.9.2,

1»j1(t), and for

f‘(t)=r0+t' {4 We get a differential equation
(9.2.11) of the same type as the cquation for ~(t). So we infer that
there is just one solution ;:(t) of the form r1+0(t"q). Now
1 fx: (t) is a solutlon of (9.3.1), and it has the form
Po+r1t'1+0(t'2). As (9.3.1) has only one bounded solution, we have

identically

o -
O+t

e,ov e ph(e) = (e,

and therefore

%
This procedurc can be continued, and it follows that ;’(t) has an
asymptotic development (9.2.&). The numbers Coslqsee
obtained by formal substitution of (9.2.4) into the differential

cguation, and cquating cocfficients of corresponding powers of t.

. can agailn be
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9.4. Application to a linear second order equation, If y(t) 1is the
unknown function in & linear homogeneous second order equation

y"(t) + P(t)y'(t) + Q(t)y(t) =0,

then the substitution y'/y=v leads to a first order equation, of
the Riccatti type, for the function v:

vi(t) +v2(t) + P(t) v(t) + Q(t) = O.

By linear substitution v(t)=a(t) + b(t) w(t), wnere w(t) 1s the new
unknown functinn, we get for w an equation, again of the Riccatti
type (i.e. a linear relation between w', wg, w and 1). Now one can
try to obtain a Riccatti equatlon of one of the types discussed in
the previous sections, or anyway an equation to which the techniques
of those sections can be appliled.

As an example we take the equatlon

(9.4.1) y"(t) - thy(t) = o,
for wilch tae substitution y'/y=v leads to
(9."4‘.2) v o+ VQ - tu = 0.

This one is not yet of the right type. In order to get a rough idea
about the behaviour of the solutions, we argue as follows., There are
three terms in the equation and so at least two have to be of the
same order of magnitude. So we first try to neglect one of the terms,
and we investigate the remaining equation,

First neglect the term t ., The remaining equation v'+vgzo has
the solutions v:(t;-to)"‘ with arbitrary constant t_. Now fopzthese
functions v, the neglected term is much larger than v' and v-, and
80 we are left nowhere, Next neglect the term v2. Then there remains
v'mtu, and therefore v= % t5+C. And again the neglected term 1s much
larger than the others. ’

So our last attempt 1is to neglect v'. The fact that the remain-
ing equation 1s no longer a differential equation does not disturdb us
in the least. We obtain V=_-1:t2
Nothing has been proved yet, but we have now sufficient reason to
try the substitutions v:t2+j¢(t) and v=~t2+10(t). The first one,
v3t2+;>(t), transforms (9.4.2) into

(9.4.3) — /:tz_zt“"-eju -t‘gfg,

, and now the term v' 1s small indeed,

and this one is of the stable type discussed in sec.9.2(with k=2,
m(t)n-et"",,@(t)a—a, y(t)s-t"z, so indeed a =0, boco). We infer that
there is a Solutionib(t) with an as¥mptotic series

-1 -2

P8l # 0, 87 0y 875 4 L, (t-me0),
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(and even that there are infinitely many such solutions). Upon
formal substitution of the series into (9.4.3) we obtain that r.=0,
r1=—1, r2=r3=0, and generally, that Pn=O unless n is of the form
3k+1. So it may have some advantage to substitute ’p(t)=t'1 G(t3),
t3='t, which transforms the equation into

33 - 2+ (-2t o () -7 e B(T).

As y'/y=v, we obtain log y by integration of t2+t’1c-(t3).
It follows that the equation (9.4.1) has solutions of the form

-1 %ta -3 -6
(9.4.4) y~C t7 e’ (M+a t T +a tT +. L) (t—=o0),
where ao+a1x+agxe+... is the formal development of
exp( - % rux-%r7xg—...), and C#0.

We can also try the second substitution, viz. v=—t2+/?(t). We

then get 1

t-g /’3'(t) = 2t7 " + 2/3' —t~2/)2:

and we are in the unstable case of sec.9.3. We now infer that there

exists just one solution of the form

S (t)ws_ + 5.t + 8 £7° 4 e s 0) .
/ 0 1 2

In terms of y it means that there is, apart form the arbitrary

constant C#0 just one solu%ign of the form
-3t

(9.4.5) y~c t7 1 e (1 + bqt'B + byt~

6 + ...) (t——') crﬁ).

If we select a solution y.(t) of the form (9.4.4), and a solut-
ion ya(t) of the form (9.4.5), then v, and y, are obviously linearly
independent (as yg/quao). Now the general solution of (9.4.1) is
A yq(t) + B yz(t) (A and B constants). This illustrates the in-
stability of the solution Vo! Every solution with A#0 is easily seen
to have (9.4.4) as its asymptotical behaviour (with some value of C),
and only if A=0, B#0 we have something of the type (9.4.5). Moreover,
it is easily seen that when adding B yg(t) to A yq(t), the asymptotical
series for A yq(t) is not altered. .

There 1s a quite simple relation between the a's of (9.4.4) and
the b's of (9.4.5), due to the fact that the coefficients in (9.4.1)
are even functions of t. Its effect is that

(9.4.6) b= (-1)" a, (n=0,1,2,...).

In other words, if the right-hand-side of (9.4%.4) 1is denoted formally
by P(t), then the right-hand-side of (9.4.5) is P(-t). This is easily
deduced from the state of affairs with the Riccatti equation (9.4.2).

If we substitute for v the formal series Qq(t)=t2+ro+r1t'q+r2t'2+...,



then (9.4.2) is formally satisfied. As tM is an even function, it
follows that the formal series QE(t)=~Q1(—t) also satisfies (9.4.2).
On the other hand we observe (cf. secs.92.2 and 9.3) that the Riccat-
ti equation has only one formal solution of the type
~t2+so+sqt"1+set'2+... It follows that s _=-(-1)"r_ (n=0,1,2,...).
Now (9.4.6) is an easy consequence.

Let yg(t) denote the unstable solution of the form (9.4.5) (with
C=1). We shall show, as a consequence of (9.4.6), that the general
solution of y"~t4y=0 can be written in the form y=A yz(—t)+ B yg(t).
First we remark that yg(t) can be continued over (-oo,a ), the
equation being linear. As t 1is even, the function yzﬁt) also satis-
fies y”—t4y=0. It follows from the asymptotical behaviour that yg(—t)
is positive and increasing if t 1s negative and large. It follows
from the equation y”:tuy that the solutions are convex whenever they
are positive, and therefore yg(—t) keeps increasing as t tends to
+co . As yz(t)*~eo (t »00), it follows that yg(t) and ye(—t) are
linearly independent solutions.

It is not difficult to evaluate the coefficients of the asymptot-
ic series for y,(t). The reader may verify that

1.3 .
) - t LR ' _ _

n=0 18" (n!)

9.5. Oscillatory cases. The analysis of sec.9.4 applies to many
equations of the type y"(t)-y(t)f(t)=0, where £(t)>0. The situation
is entirely different, however, with equations y"(t)+y(t)f(t)=0
(again with £(t) >0). Under very general conditions it can be proved

that all solutions are oscillating, i.e. they have infinitely many
zeros in the interval (0,co). We shall consider the special case

(9.5.1) y'(t) + (14t~ y(t) = o.

We obtain a Riccatti equation

vio+ vl ot (1+t'1) =0
by the substitution y'/y=v. Applying the same heuristic argument we
used in the case of (9.4.2), we are led to a substitution v=i+t"jp(t),
and /b(t) satisfies

(9.5.2) ‘f”(t) = -1 + (~21+t'1)‘p(t) - t'1 ﬁg(t).

With the notation of (9.2.2), we thus have boz-éi, cO=O. As both
in sec.9.2 and sec.9.3 the reality of the coefficients was postulated,
these sections can not be applied to (9.5.2). Admittedly, we may be
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able to show that the main results of sec.9.2 and sec.9.3 remailn
valid for complex eqguations, provided that we replace bo< 0 in (9.2.3)
by Re b_ <0, and b, > 0 in (9.3.2) by Re b_> 0. But in the present
case bo is purely imaginary, and thercefore we neither have the strong
type of stabillity of sec.9.2, nor the strong type of instability of
sec.9.3.

We remark that it is not difficult to find an asymptotic seriles,
formally satisfying (9.5.2), just by substituting the series and
equating coeffcients., The first few terms are

314 (2-1)/(8t) - (4+31)/(166%) + ...

However, at the present stage we cannot say whether this formal
series has any significance.

We shall attempt an entirely different method. We consider an
equation of the type
(9.5.3) y"(t) +{1 +&(e)} y(t) =0,

LD

where the given function g is continuous and satisfies | g(t) dt < oo,
This means that the results can not be applied directlyoto (9.5.1),
although (9.5.1) can easily be transformed into an equation of the
present type (see the end of sec.9.6).

We shall first transform (9.5.3) into an integral equation. It

can be obtained as follows. We write the equation in the form

v'(t) + y(t) = - g(t)y(L),

and we treat this equation as if the right-hand-side were a given
function h(t). Using the method of variation of constants, we put

y(t) = A(t) cos t + B(t) sin t, |

vi(t)= ~A(t? sin t + B(t) cos ty A'(t)cos t + B'(t) sin t = O,

y"(t)= -y(t) - A'(t) sin t + B'(t) cos t, -A'(t)sin t+B‘(t)co? ?:
‘ +h(t).

Thus we have A'=-h(t)sin t, B'= +h(t) cos t. So if a is a real number,
every solution of y"(t)+y(t)=h(t) can be written in the form
t

y=C, cos t + C, sin t - /' h(t) (sin t cosT- cos t sinT)dT ,
a
with suitable constants C, and C,. So if y(t) is a solution of (9.5.3),

it also satisfies

£
(9.5.4) y(t)ch cos t + C, sin t - ]' g(t) y(t) sin (t-1)dt ,
a

with suitable constants Cq and Cg.

We can now show that every solution of (9.5.3) is bounded in the

interval Ost < oo ., To this end we choose a such that /”Té(t)ldt<<%,
a
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[

which is possible by virtue of the convergence of J/}g(t)]dt. Let
.y(t) be any solution, and let b be any number > 2.9 put
M=maxa$t<b!y(t)\. From (9.5.4) we infer that

b \
Moz lc, ]+ e !+ M,é le(V)lar<le, ] + lcol + M,

and so Ms;210q§ + 2?02l , irrespective of the value of b, This shows

the boundcdness.
e led

The boundedness implies the convergence of [ g(t)y(t)sin(t-T)dT,
and therefore we can rewrite (9.5.4) into the fcrm

(9.5.5)  y(t) = Cy

cos t +Cy sin t - f'g(r)y(t) sin (T-t)dT ,
t
with new constants C3 and CM:

L ONT

03=CW+ g g(t)y(v)sintT d7 , qucz—‘fﬂé(r)y(t)cosr at .

If Cy and C) are given, at most ong solution of (9.5.3) satis-
fies (9.5.5). In order to show this, it suffices to consider the
case CB=C4=O (otherwise consider the difference of two solutions).
Then we infer from (9.5.5) that

SO0

Sup, 1., 1¥(8) 1 s SUP, Lt . fy(e)l . [ oe(t) ar.

a
By taking a so large that the integral is less than 1, we obtain
that y(t) vanishes identically if t za.

On the other hand the general solution of (9.5.3) involves two
constants, and we now infer that 03
cribed: to any choice of 03 and Cy there corresponds Jjust one

and 04 can be arbiltrarily pres-

solution of the differential equation. If Y4 is the solution cor-
responding with CB=1, 04=O, and Yo the one with CB=O’ C4=1, then
Ay +BYo (with constants A and B) gives the general solution.
The integral equation (9.5.5) can be used in order to solve the dif-
ferential equation explicitly, in the form of the so-called Neumann
series., We shall not do this, as our only aim is to obtain asymptotic
information about y(t). This i1s achieved by iteratlon, in a way
similar to the derivation of the Neumann series. We choose the
solution V4> say, with C3:1, C4=O. We know already that y(t) is
bounded, and so we infer from (9.5.5) that
(9.5.6)  y,(t) = cos ¢t + o{ﬁ{‘Tgmt gt b= cos & + o(1).

Next we insert this result into the integral on the right-hand-
side of (9.5.5):

[l

yﬂ(t)=cos t - g g(t)costT sin(r-t)at + O(QA?g(s)ldS Jﬂvg(T)‘dtj>;

and so on.
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For the calculations it may be easier to deal with the complex
combinations yq(t)+1 yo(t) = elts o(1), y1(t)-i ye(t) = et 4 o(1).

We take a specific example. If in the differential equation for
the n-th Bessel function we write ymt% Jn(t), g - nla 2, we obtain

the equation
(9.5.7) ¥E) + (1 +3t72) y(t) = O,

which is indeed of the type discussed above () i1s a constant). So we
know that there is a solution of the type e1t+o(1) (t—=oc ). Denoting
this one by y(t), we have

v(t) = elt . O(.(TT'QGT) = ety O(t'q).
t

In the next step we get from (9.5.5) (03=1, CM=1)

oo

o+

(9.5.8) y(t) = et - R sin(T-t)dT + Of ﬁ:'%r).
. ¢

(&S]
We first consider the integrals _{t'keitsin(t-t)dt = qgt), with k

fixed, and k >2. We have, as 21 8in x = eix—e°1x,
(25 o
e ttr (t) = f(x+t)’k el¥sin x ax = gi(k-'l)"‘t’k"'"—gif(x+c)’ke21"dx.
0 0
This last integral can be expanded asymptotically by means of repeated
partial integration, or by steepest descent., It results that e‘itfk(t)
has an asymptotical expansion of the form t'k+1(co+cqt'1+02t'2+...)(bﬂod.
Now (9.5.8) gives y(t):eit(1+aqt’1+0(t"2)) (with aqm-%il) .

Again inserting this into the right-hand-side of (9.5.5), we get a
formula of the type y(t)zeit(1+a1t'1+agt'2+o(t'3)). Continuing this
procedure, we get an asymptotic series

(9.5.9) y(t) A-eit(1+aqt'1+32t‘2+33t'3+...) (t - o),

Once we know that there exlsts an asymptotlc series of this type, 1t
is quite easy to determine the coefficlents directly from the dif-
ferential equation, 9’=y(t)e“it satisfies ym+21«p‘+-)t'2y?=0. Formal-
ly substituting <p(t)f«-1+aqt“1+a2t"2+..., and equating coefficilents,
we can evaluate the ay. In order to justify this procedure it is
sufficient to show that ¢'(t) and ¢"(t) also have asymptotic series
(for then those series automatically are the derived series of the one

for w(t)). It follows from (9.5.7) and (9.5.9) that
() ~ et (162 £7%) (a8 4L L) (£ co) .
oo
From the asymptotic formulas of the functions eitr"kdt'(kmﬁ,a,B,...)
it can now be shown that f(y"(t)+eit)dt converges,and that it has an
t
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An 4p, 7]

asymptotic series of the form e 0P, +b2t'2+...). On the other
hand, this integral equals -y'(t)+1eit+c, where C is a constant, By
a second integration we infer, since y(t) is bounded, that C vanishes.
It now follows that ' and " have asymptotic series of the required
type.

So in order to determine the coefficients in (,O(t)mﬂ-a,‘t'1
we have the right of formal substitution into ¢"+21¢'+xt-%ﬂu0.

Equating coefficients, we get the relations

-2
+32t Fous

2
8, = 8 (K +ken)/2(k+1)1 (k=0,1,2,...),

where 80”1‘

The equation (9.5.7) has also a solutlon of the form e ~"+0(1).
For this one we get similar results, and it is easily seen that 1its
asymptotic series becomes e'it(ﬂ-a t'1+azt'2~a t'3+...). So every
solution of (9.5.7) has an expansion of the type

it

1 3

1 -2

+a,t +...) + Be” 1

A'eit(1+aqt" it(ﬂ—aqt'

The contents of this section do not give us a method to deter-
mine the values of A and B belonging to the special solution t'%Jn(c).
The choice of this special solution from the set of all solutions
depends on its behaviour as t->0, and there our knowledge about t-==
has no direct value. On the other hand a quite rough estimate for the
behaviour of t'%Jn(t), obtained by any other method, will be sufficient
in order to evaluate the numbers A and B.

-2
+82t "cvo)-

9.6. More general oscillatory cases. In sec.9.5 we learned that
v"+(1+g(t))y=06 has solutions e1t+o(1) and e“it+c(1) (t -—o), provided
that jafg(t)idt converges. We shall now try to reduce the more general
equat?on

(9.6.1) y"(t) + (p(£))% ¥(t) = ©

to this special case. It is assumed that p(t) is a positive continuous
function.
We shall replace the variables t and y by new variables x and z. We

put
X = Sﬂ(t)’ y "\f:’(t) Z .

Here ¢ and w (t) are functions of t, to be determined later. We assume
that (t) tends monotonically to +oo when t—> +oo. We obtain
(accents denoting differentiation with respect to t):

V' =Y xtzv',

2
Yﬂ(t;) mw(spa)e g_;_g ¥ (\’5,@;«4_2}‘,.?,.) g% +y/nz'
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Qur differential equation becomes
2

%ﬁ (%*2%‘)3”*‘\((,) L—Q}

If we now succeed in chosing 4 and W such that
AN

(9.6.2) §:+2%¢o, [H%) +§T_1]m<m,

then we know from what we proved about (9.5.3) that (9.6.1) has
solutions

v(t) {ei(P(t) - 0(1)} and y/(t){ e’iq%(t) + 0(1)} (t-—>o0),

Bearing in mind that w"/y =(y'/fy)' + (yﬂ/ydg, and dx=¢'dt, we
can replace (9.6.2) by

(9.6.3) f‘f.ﬁe - %_4;_% . % (%)2‘1 \‘F’ .
6 ¥ ¢' ¢
If, for example
00

(9.6.4) e e -2 p?fat coo,
0

it is possible to chooseysxch that ¢'=p, i.e. ¢ (t)= J’ p(t)dt , and

then (9.6.3) is satisfied (see A. Wintner, Phys.Rev. 72, 516-517 (1947)).
If (9.6.4) holds, we know by virtue of sec.9.5 that (9.6.1) has

solutions Y4 and Yo whose asymptotical behaviour is given by

t t
(9.6.5) yq“'p(t)'% exp{i [ pttﬁit}, yeavp(t)'% exp{—i f p(T)d?}.
© (t—n).

The substitutions x= ¢ (t), y=p(t)” 2z which have to be carried out
in this case, transform the equations into the form d z/dx +(1+g(x))z=0,
with a relatively small function g(x). In many cases it will be possible
to apply the method of sec.9.5 in order to obtain asymptotic series for
the functions y1 and Voo

In a quite wide range of cases the substitutlon ¢'=p, can be used.
The condition (9.6.4) is satisfied, for example, if p(t)=t?‘ (A >-1).
It fails,however, if p(t)=t“1. In that case we can still satisfy (9.0.3),
but then with w'(t)=3%/(2t). Then the integrand of (9.6.3) vanishes
identically, corresponding to the fact that y"+t'2ymo has the simple
solutions y=t" =2 +1V3,

If ¢ is a positive constant =<1/4, then the solutions of y'ct™" y-O
are no longer osclllatory, and the same thing can be sald about the

equations y”+t2 y=0 1if N« -1,
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The contents of this section can easily be applied to (9.5.1),
that 1s the special case of (9.6.1) with p(t)n(1+t°1) . It is easily
seen that (9.6.4) is satisfied in this case, if we replace the inte-
gration interval (0,onhzby (1 ,e0 ), which obviously does not matter.

So we can take ¢ (t)= 4 £ (1+” ) dr, y(t)= (1+t'ﬂ)'%. This means that
@(t)=t+log t + C + O(t -1 ,\f(t)=1+o(t"1), where C 1s a constant. It
follows that (9.5.1) has solutions yq(t) and yg(t) with the asymptotic-
al behaviour (when t-— o)

y4(t) = eit+%i log t {ﬂ+o(1)}, y (t)me°1t'%i log ¢ {1+o(1)} .

2

If we want to have the asymptotic series for V4 and Yo, W€ can
argue as follows, Let S(t)= 1+§t +8,t "2,... be a formal series satis-

fying
4 2
(9.6.6) (1+t’1>8"2 = % 8118‘3 - 3(8!5-2) + 1,

Then the integrand of (9.6.3) vanishes upon formal substitution of
7'=S. The existence of § is easily established. If S =1+ht™ 4s,t 4., .
s t™", is inserted into the right-hand-side of (9. 6 6), then S A

can be evaluated.

Next take, for some n, ¢(t) such that L;?'(t)zsn(t). Then it 1is
easily seen that the integrand of g9.6.3) becomes O(t'n‘q). It follows
(cf.(9.5.6)) that y,!(t)z \/,(t)ei‘f"(t (1+0(t™")), where y(t) is related
to y(t) according to (9.6.2). It is now quite easy to prove that we
have asymptotic expansions

1
yq(t)“veit+§i log t S(t)‘% exp(-1s, t” »%is t 2—...) (t-—>oa),

yg(%:)fwze"it"%1 log t S(t)'% exp(iszt‘1+%1s3t'2+...) (t oo},

These lines have to be interpreted in the followlng sense, The
function yq(t)e -it-31 log ¢ has an asymptotic series which 1is obtained
by formal multiplication of the formal series S(t)'% by the formal

series exp(-is t” -%is t 2—...), and similarly for y,(t).

Once we know the existence of these expansions, it is of course
possible to derive them directly from the Riccatti equation (sce the
beginning of sec.9.6).
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6. Applications of the saddle point method

In ch.5 we gave several quite simple applications of the saddle
point method, intended to 1llustrate the principles of the method with
€as3y examples. As simple examples of the saddle point method seem to
be relatively rare in practice, we shall expose in this chapter three
more difficult cases, in order to give an idea of the complications
which may occur in such problems.

The first problem covers secs.6.1 - 6.3, In this case we have 2
guite simple integrand. There are infinitely many saddle points, but
as the contribution of the main saddle point is very large compared to
the contribution of all others, these other saddle points need not
even enter into the discussion. An extra difficulty is that the main
saddle point cannot be represented explicitly; 1t is given by a trans-
cendental equation. Fortunately, this equation has already be extensive-
ly studiled in ch.2.

The second problem (scc.6.4% - 6.7) 1s complicated because the
Integrand contains gamma functions. We have to simplify them by
applicatiorn of the Stirling formula, but this does not work for the
whole Integration path., The problem of finding a suitable path, however,
is not exceedingly difficult in this problem,

In the third example the major difficulty lies in finding 2
sultable path. The parameter 1s a complex number in this case, and it
is by no means ecasy to give a sultable path for all possible values of
the parameter, The difficulty is overcome »y application of conformal
mapping, which usually is a very efficient instrument for obtaining &
survey of the behaviour of an analytic function in a large area.

6.1. The number of class partitions of a finite set. Let S be a finite
set, By a class-partition of S we denote a collection of non-empty sub-
sets of S, which are mutually disjoint and whose union is 8. For example,
if S consists of the threec elements a,b,c, then there are 5 possible
class-partitions, viz (1) (a)(b)(c), (i1) (av)(c), (111) (ac)(b),

(1v) (ve)(a), (v) (abc). The number of class-partitions of S obviously
depends only on the number of elements of S. Now by dn we denote the
number of class-partitions of a set of n elements. One easily finds

dqzﬂ, 62z2, d3=5, dum15. OQur problem is to determine the asymptotic

behaviour of dn A8 N -—> o2,

There 1is a recurrence relation, expressing dn in terms of

+1
dq,ob-,d .

i
(6.1.1) Ay =(3) 9, + (3) a, + ..o+ (D) 9, (n=0,1,2,...),

where domﬂ. The proof rung 8&s follohs. Let S have the elements
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81""’8n’an+1' Consider a class-partition of S, and assume that
the subset which contains 8141
If we fix k, there are (i)dn_k class-partitiors of this type. For,
the k further elements just mentioned, can be chosen from the set

contains k further elements (Os¢ k sn).

{aﬁ,..,,an} in (2) ways, and the sct of the remaining n-k elements
from {aﬂ,...,an} admits d__, class-partitions. (If k=n, there are no
remaining elements, but the convention dozﬂ covers this case), Now
summing with respect to k, we obtain (6.1.1),

Starting from the recurrence relation (6.1.1) we proceed by the
method of generating functions. Putting D(zﬁ:E:zzo d, z"/nt, we
deduce that D'(z) = ¢”.D(z), and, as D(o)=1, it follows that
D{z)=exp(e®-1). Therefore, the dﬂ/ni are the coefficients in the
cxpansion

z ——P n
(6.1.2) exp(e ”1)‘=§wn=o a z"/n

A more direct way of counting the class-partitions, leading to
the same formula (6.1,2), is the following one, Consider a class-
partition of the set S, S having n elements, This 1is a collection of
sub-sets; let s, denote the number of subsets having j elements.

So sjz=0 (3=1,2,3,...), and n=51+232+353+... . We now fix the sequenc’
81,82,..., satisfying these conditions, and we ask for the number of
class-partitlions corresponding to this sequence. This number 1s easily
seen to be equal to

n! {(1:)Sq(21)82(31)d3... 5.t syt 8yl ...} -

It follows that dn/nl equals the coefficient of z"' in the power
series development of

3 S 3
$,m00 A 1 Z(M (22) 2 1 (:..—(\:) (23) 3 1
p ya = e e e 3
Ces,=0 St Lega0 20 Bl Leg 03 B3

and this represents

exp(z) . exp(zg/Ql) exp (23/31)... = exp(z+22/21+...)zexp(ez-ﬂ).

6.2. Asymptotical behaviour. We shall study the asymptotical behaviour
of the coefficients in (6.1.2) by expressing them via Cauchy's formula

for the coefficients of a power serles:

(6.2.1) 2wied /nl = g/ exp(e?) 271 gz,

where the integration path C encircles the origin once, in the
positive sense, To this integral we shall apply the saddle point
method.(The saddle points are the roots of zezmn+1. This equation
has one positive solution, discussed in sec.2.4%, but this is not the
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only solution. Actually it can be shown, for each integer k, that
there 1s just one saddle point in the horizontal strip

(2k-1)7 <Im z <(2k+1)7m (k=0,+1,+2,...), provided that n is sufficient-
ly large,

Let the positive saddle point, i.e. the positive solution of
zez=n+1, be denoted by u. Fortunately we are in a position where the
other saddle points can be disregarded, that is to say, we are able
to find a path through u, of which u itself is the highest point.

The axis of the saddle point u is easily seen to be vertical.
Proceeding along the principle that the simplest possibilities should
be tried first, we try tou take a large part of the path as a vertical
line, Along this vertical line through u we have lexp(e?)! <« exp(e?)

Z) el Z_cU gsecondly, the rectan-

3
) z
as, on that line, we have Re e < le

201 is, in absolute value, maximal at the point u. So a vertical
path satisfies the requirement that the integrand should attain 1ts
maximal absolute value at the saddle point.

However, a vertical line does not encircle the origin. But if we
take a large segment of the vertical line, and complete it to a closed
contour by adding a large semi-circle, it does, And, if we make the
radius R of the semi-circle tend to infinity, its contributions to the
integral (6.2.1) tends to zero (if n>0), the factor z 0~
O{R‘n°1), whereas exp(ez) is bounded in the half—plaﬂiigf zZ ¢ U, There-

-

fore, the integral ]‘in (6.2.1) may be replaced by | .
C U-1lovo
The integrand is exp(e®-(n+1)log z)=exp(e®-uetlog z). Writing

z=Uu+ly, we obtain

being

(6.2.2) 2e dn/nl = exp(e%-ue'log u) ijxp(¢(Y))dy,

-0

where -
g(v) = eut(eiy—ﬂ)—u log(1 + iyu'q)} .

As 1exp ¢(y)!= exp Re ¢(y), we have to study
1
Re P(y) = eu[—1+cos y - u 1og(1+y2u'2)2] .

As long as y 1s not too large, the terms -1+cos y are predominant.
Trerefore , there is a maximum at y=0, further maxima around y=+277 , eftc.
The influence of these further maxima is very small, because of the
large factor e“ in front. We shall show that in (6.2.2) we can restrict
ourselves essentially to the interval -7r< y<aT,

If T<y<u, then we have log(1+y2/u2)§:>%y2/u2, and therefore

u -
ij’ exp ¢(y)dy‘-<u . exp<{~eu.%'ﬂ2u 1 }.
-

If y>u, then we use 1+y2/u2> 2y/u, and so we have, putting y=ux,

lf(zxp(gb(y))dy} < u'{zxp {-euu log(?x)}' ax.
u 1
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‘ oD ~
- -1
It is easlly seen that Jr(ex)p dx = O(e 2P) . and therefore
oQ 1
Jr exp(@(y)dy = O(u.exp {—%ueuJ),
u

It follows that -

(6.3.3) [ exn(d(y))ay - [exp(¢(y))dy = ofexp(-4e%/) |,

Zoo L
and we can now dircct our attention to the interval (-w,m), where the

saddle point at y=0 gives the main contribution.

As 2 iuy3 2 3
¢(y)=eu[-%’f+i§—3’!—)——+...-%—u+ﬁl%_-...},

3u
we find by the Laplace method (ch.k),
(6.2.4) [exo d(v)ay = (2me™™)F (1r0(u™1)),
~Tr

In order to get an asymptotic expansion, it seems to be in-
convenient to follow the method of sec.l.4, as 7 depends on u in a
rather complicated way. We prefer to apply the method used in sec.4.5,
consisting of the introduction of a new integration variable w such
that exp(4#(y)) is transformed into exp(~f(u).w2) (f(u) depending on u
only).

Thus far y was real; we shall now treat 1t as a complex variabl:,
If |yl is small, we define w by

eV 1y log(1+iyu'1) =—%W2(1+U~1),

choosing the root w which satisfies dw/dy=+1 at y=0. Now w car be
written as
")

(6.2.5) W=7 + y2 P(y,u”

b

where P(y,u'q) is a power series in the variables y and u"q, con-
vergent i1f both y and u”ﬂ are sufficiently small. It follows that y
can be solved from (6.2.5), by the technigue explained in sec.2.b

(cf.(2.4.7)): . . , L . ,
y=y(w) = T j {V+W P(V’u )—w} 1235 {7+7 P(y,u )}dv s

C
wherce C is a contour encircling the origin in the positive direction,

as long as w and u“/l are sufficiently small. Therefore y 1s a power

/]

series in w and u . We need its derivative

dy/dw = 1 + W"qﬁ(u*q) + w2\#2(u"1) +oeee

where 'Vﬁ"%é"" are convergent for large values of u.

It is not quite sure that the integral (6.2.4%) can be transformed
succesfully this way, butcat any rate we can find a positive number c
such that it works for // . In the w-plane the integration paths becomes
a curve which crosses thé®saddle point at w=0, The errors made by
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braking off the integrals at ¢ and -c, and at the corresponding points
in the w-plane, are in no way alarming, as they are of the type

exp(-cev).
Our final result is
L L7 -1 -2
(2m)"2y2 /fexp(¢(y))dy,~,1+a1‘%2(u)U + aé%h(u)U too. (u-——>o0),
—O\D
where U = eu(1+u'1), ak=(2k)£(k£)'42'k.

Using one term only, we get the following expression for dn:

1 S I -
(6.2.6) 4 =nie(2mF (14u) ® f1+0(e %)} exp(e-ue10g u-u).
Here u is related to n, by the formula

e = n+1, u >0,
The asymptotic behaviour of u, as n-—>o>, was investigated 1n sec.2.b4.
By (2.4.10), which was the solution of the equation xe*=t, we now have

u= log t - log log t + (log log t)(log t)"q Q(e,T),

where O(c,t) 1s a double power serics, G=(log t)'q, T=log log t/log t,
and t=n+1, However, if we approximate u by taking a finite number of
terms of Q(&,t), the e¢rror introduced in (6.2.6) becomes considerable
and much of the accuracy obtaincd in (6.2.6) is lost. Approximating

u by log t-log log t, we find that

e%-ue¥log u -Lu = t(u‘q—log u) + 0(log t) =

2
f d log log t ,slog log t log 1log bty !
= J-log log t + ¥ + 4 + 0 ;
L 0og log 1og T 10% t 2( og ) ( (log t)z)j

where t 1s still n+1, but 1t is ecasy to scece that on replacing n+1 by
n, we make an error which is much smaller than the error already
involved., Further, we use a rough estimate for n!

log n! = n logn - n + 0(log n),

and we find that

2
log 4 log log n g 1,1log log n
(6.2.7) = /D0 = log n-log log n-1+ Toe ' Tozw T % ( Tos & ) +

+ O(lOg log TJ).
(log n)
It is quite easy to replace the O-term by an asymptotic series, with
terms of the form (log log n)k(log n) ™,

6.3. Alternative method, We indicate a different method by which the
asymptotic behaviour of the sequence dn, dealt with in sec.6.2, can be

[#ye]

obtained, Starting from (6.1.2) we expand exp(ex) asjz:k_o ekx/kl, and




in each term we expand ekx into its power serics. So we get an absolute-
ly convergent double scries, in which the order of summation may be
changed, and (6.1.2) gives

(6.3,1) a =V W
n k=0
This sum can be tackled by the methodsof ch.3. The index k A x
of the maximal term lies closc to cu, where u is, again, thc solution
of the equation ucY=n+1. For, k" /k! cquals, roughly, (ETﬁzk 2
exp(n+1)log k-k log k+k), and the function (n+1)log x - x log X + X

is maximal at x=eu. The second derivative of this function is

~(n+4)x'2+x'1, and lt follows that, roughly speaking, it is only an
interval lk"kmaxii‘n -5 that gives a substantious contribution to the
sum, In this interval the sum can be replaced by an integral, if we only

carry out corrections according to the Eulcr-Maclaurin sum formula.

6,4, The sum S(s,n). In sec.4.7 we obtained the asymptotical behaviour
of S{s,n), defined by

(6.4.1) (e =32 (0™ (F)

2

if s is a fixed integer >1, and n oo, The method was definitely
restricted to this case, as s-1 occurred as the number of dimensions
of an euclidean space. In the present section we shall study this sum
for general rcal values of s (s fixed, n—ev). It snould be admitted
that this 1s not a very natural question, as non-integral powers of
binomial coefficilents do not frequently occur in mathematics. The main
reason for 1its discussion here is, that it is a quite difficult
problem with various intercsting aspects.

If s=2,3,... we have, by (4.7.4),

(6.%.2) S(s,n) Nw12 cos(ﬂ/23)12ns+s -1 52- S(ﬂn)e(q 8). '2 (n—oo ).

This formula is definitely false if s=0, for we have S(O,n)=(-—’l)n
If it is negative, it does not hold either. In that case, we are in the
situation that the first few terms, and the last few, are prevalling.
We evidently have the asymptotic series

s
S(syn) ~ 2.(-1" {1 - (3)) + (F ny°. ol (540, Do),
or, more explicitly, for h and s fixed,
h
(6.4.3)  S(s,m) = 2.(-1)" 3, o (-1¥ (27) + o(n(*1)9)
(s <0, n-—so0),

(In order to prove this, we have to consider all terms for which
k<h + (_S)-q’ and to remark that the sum of the remaining terms is at
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most 2n times the first neglected term).
If 8> 0, there 18 not such a trivial way. We¢ shall then replace
the sum by an integral, by application of the rcsidue theorem:

i ) o [ —TI(2n) o _dz
( ! Hen) !('I'I(n%)l“’i(n-z)) eb sinmz

Here the Integration path C is a curve which encircles the points
“N,=nN+1,,..,-1, 0,1,2,...,n just once, but does not encircle the
points +(n+1), +(n+2),... . We may take for C a rectangle, with
vertices +(n+})+pl, wherc p is some positive number. The function
TT(z) is Gouss'extension of the factorial (IT(k)=k!); 1t 1s slightly
more convenlent to operate with 11(z) than with the gamma function,
which is related to]1 by the formula VI(z)=T(z+1).

The function TT(n+z)[T(n-z) has poles 2t the points +(n+1),
+{n,2),..., and thereforc the integrand is, unlcess s 1s an integer,
8 multi-valued function. However, i1f we cut the z-plane along the
real axis from n+1 to +oo and from -n-1 to -oo, the integrand 1is
single valued in the remaining domain D of the z-plane. Needless to
say, the value of the s-th power occurring in the integrand is given
its positive value at 2z=0, Furthermore we can take care that the
path @ lies entirely inside the domain D. Now it is easy to prove
(6,4,4): the residue at z=h (h=0,+1,...,+n) is {(2n)!/(n+h)!(n-n)!} 5.
(~1)h,[2v1)'1, and on replacing h-n by k, the integral turns out £o
be equal to S(s,n).

Before starting any serious work with the integral (6.4.4) we
make some observations.

(1) The integrand is an odd function of z. Therefore, if C is sym-
metric with respect to the origin, it is sufficient to consider only
half the integration path, and multiply the result by 2.

(11) If z is somewhere in the right half-plane, then the absolute
value of the integrand decreases on replacing z by z+1. For, by this
operation, this absolute value 1s multiplied by i(n-z)/(n+z+1)§s.
This makes 1t plausible that something like a saddle-point can be
expected on the upper, and also on the lower part, of the imaginary
axis,

(111) The integrand is far too complicated for calculations of exact
saddle-points, However, on a large part of the path C we have a
reasonable approximation to the integrand, by the Stirling formula.
It 1s well-known that the Stirling formula holds in the complex plane
provided that we remove a sedtor containing the negative real axis,
Precisely, if ¢ 1s a positive number (0 < J <), and if R, denotes the
sector |arg z|< w-dJ, then we have



(6.4.5) TH(z) = (2m? 221 &72 {1s0(l2"")] (z¢R,).

This means that the integrand can be approximated by elementary
functions as long as z stays sufficiently far away from the boundary
of D, i.e. from the half lines (-o9,-n-1) and (n,c0). However, we are
not in a position to apply this to the whole path C, as C has to cross
the real axils between n and n+1, and this 1is not far from the boundary
of D.

(iv) It will not be difficult to find a second approximation to the
integrand, also by the Stirling formula, for values of z which are
not too far from z=n. Therefore we shall have to work with two dif-
ferent approximations, in different regions. This gives, of course,
some difficulty in fitting the respective parts of the path together.
This 1is not so much an essential difficulty, but rather a technical
one, caused by the relative complexity of the integrand.

(v) The difficulty just stated can be overcome by making the connection
between the two regions far away from the main battle fileld, viz. at
+oo and - oo, respectively. Remark (11) suggests that a retreat to
+ow Or to -oeo 1s comparatively easy.

Following the above suggestions, we shall split the problem into
two parts. Let N be an integer >n, and let p be a positive number,
We define PN and QN by

1
P, = j'NjﬁfiFfl oz, Q@ = fl O az.

“N+3+1p (N+3)
‘Here {1 1is an abbreviation for the integrand of (6.4%.4). In the case
’ of PN, the integration path is a2 straight line. The number p 1is a
positive constant. The integration path of QN starts at N+3, proceeds
through the lower half-plane, crosses the real axlis between n and n+1,
and then leads back to N+ through the upper half plane., Thercfore,
this path lies apart from its end-points, inside the domain D. We
shall show, if n is fixed, but sifficiently large, that

1lim PN = P s 1lim QN = Q

N - N-— o2
both exist, and that
(6.4.6) S(s,n) = -2P + 2Q.
These statements easily follow from the fact that the integrand.(l
is O(?zl'2) in the domain described by Re z >1, |Im z] < p, |z-2|> g s
IZ-BI > 1,... , provided that n is fixed but sufficiently large (it

suffices that (2n+1)s >2), For, by the functional equation TI(z)TI(-z)=
=1wz/sin Tz, we have
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L= {(2”)1}8{TT(z—n)/IT(z+n)}S(gi)~1TT~SZ-S<SinTTZ)S_1 )

=O(,Z‘—2ns—s).

As to formula (6.4.6) we refer to remark (i), which shows that S(s,n)
n+2Qy plus an integral from N+t to N+s+ip and a similar inte-
gral in the lower half plane. The lattcer integrals tend to zero as
N—soo, since (L =O(lzl"2)(n fixed).

There are now two scparate problems, viz. the asymptotic

equals 2P

behaviour of P and Q respectively, as n-—oo,

Ap+toeo
6.5. We shall first deal with P= ) dz, where p is a fixed

positive number., Clearly P is ind%BE%ﬁent of p (cf.6.4.6). We shall
approximate {1 with the aid of Stirling's formula, However, a slight
adjustment of (6,4.5) is necessary, as our values n+z and n-z do not
always belong to the sector R . If we use the relation TU(z) Ti(-2)=
=mz/sin 7wz, the behaviour of T1(z) in the quadrant Im z >0, Re 2z <0
can be deduced from its behaviour in the opposite quadrant. By a
careful discussion of the arguments of z°'2 and (-z)"z+% we find that

Ti(z) {1~e2WiZ } (270% 222 o7 §1+O|z"1§} (Re z< 0, Im z2>0).

It now easily follows that we have, 1f 28 is positive and fixed,

245 -2 {1+O(lz'1$) + 0(e

From this formula we can immediately deduce an estimate for (1L

of

TI(Z)'-‘- (2,”_) —QTT‘Im Z’)}

z s (Imz>p)).

(i.e. the integrand of (6.4.4)) by some trivial calculations.

(6.5.1) 1 = -2298(rp)=E5(q_12)-E5 exp| i log(1-%%)-s ¥ log -J—f—%wigﬂx
X {1 + O(n"q+n_qi1+§rq+n"qlﬂ-‘§r1+e"2ﬂh Im.f):} (n>1, Im n¥>p,).

Here p, 1s positive and fixed, and § stands for z/n.

The integrand 1s, roughly speaking, of the type considered in
sec.5.7, if we put

(6.5.2) p(f) = - log(ﬂ—ge) - 8§ log %;% +Tig .

We remark that s is a fixed positive constant, and that the multi-
valued functions log(1+%) and log(1-Y) are given their principal
values in the upper half-plane. Disregarding the O-terms for the
moment, we start looking for saddle points. We have

(6.5.3) @(§)= i - s log(1+{)/(1-%),

and therefore ¢’07)=o if» =1 tan(m/2s), So we observe that there is
a saddle point in the upper half-plane if and only if s »1. Assuming
s »1, we take as the integration path, the infinite straight horizontal
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line throuvh the saddle point » . As we have ¢"O])=—28(1'ﬁ?)_1=
=-23 (1+b90 (/2s))” 1o_og coogbr/2s)<-0 this line coincides with
the axis of the saddle point.

Our path can be described by = #+x (-0« x <oo )., Fortunately
the saddle point ») is"the highest point" of the path. Re ¢(¥)
decreases if x increases from O to oo, and also if x runs from O to
-ea . For, by (6.5.3) we have

dao 1+7 . >
Re 9% = -8 log ‘Tjgs 0 (x >0)

X

as §1+§ﬂ > LL_f\ if x>0. If x <0, we have a similar thing.

The fact that Re ¢(§) decreases (if x-—>occ), combined with the
occurrence of the factor (1—§2)'§S, makes that hardly any complication
is caused by the circumstance that the path has infinite length, so
fortunately we need not go into the trouble of investigating ¢(§W
as X-—»eo3, Actually we infer that

| jfmll d§71<C22nS(Wn)-és. ‘exp f22+1) f’ ) ?2 ‘ ayg
M)+

with some positive number C (independent of n). The latter integral
i1s easlily seen to convergp by virtue of our assumption s »71. Needless
to say, the 1ntegraldfv- can be estimated in the same way.

By sec.5.7 we have

1+ 1 11
(6.5.4) éf (1-5)72% cxpfng (9]0 = (2mEaHg ()
exp{nq)(q)f(1~72)"%s {1+O(n" )}.

We av, (p”(z)—-E (cos ﬂ723)2; exp§n¢?(q)%:(cos(ﬂVEs))ens;
(1= ) 35_ =(cos 7/2s)°® and therefore the value of (6.5.4) reduccs to

(6.5.5) (1/08)% (cos Ti/os)2nsts=T faro(n ).

The O-terms on (6,5.1) can be reduced to one term O(n‘q), by
virtue of the fact that Im Y is positive and fixed on our path. It is
not difficult to show that

" +1
. -1 L (=3/2
J / )cxp(n¢>(§)).o(n )‘d§ =Oin 3/ exp(n¢ @2))}J
'»7-3—4
and thereforc these O-terms result in a correction of the same order
as the O-term in (6.5.5).
Collecting the various results, we obtain our final formula for P:
L9 o0 »jhono Y —
(6.5.6) P=f?_ﬂ_ dz=n [ 0d )}‘;..{2 cos(-w/es)}2““3'1 218 ()2 (1-8)¢-3
.7.._¢\:~ 7] - o0 {,H_O(n'/])} ,
valid if s is fixed and »>1.
It may be remarked that the factor {1+O(n"q)} can be replaced by

L
2
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an asymptotic seriles :E:;ackn"k. In order to obtain this series 1t
is necessary, of course, to use the Stirling formula in the form of
an asymptotic series.

The saddle point " moves to i~ when 8 decreases to 1. This
suggests that, if 8 =1, an estimate for the integral can be obtalned
by shifting tne whole horizontal path to infinity in the vertical
direction. In fact we can show that, if O<s ¢1, n~‘%(s"1-ﬂ), the
integral P vanlshes, For, 1f n 1is fixed and Im =z > Dy (po positive
and fixed), |2} --»c0o, Wwe have, using for {) the expression in the
integrand of (6.4.4)

€L = o((TT(n+2) TT(n-2))"% {sin 7z]™") =

= 0(121—2n3~sisin‘nzqs'1) - 0(‘zi~(2n+1)s)

So if (2n+1)s >1, we have fﬁ,zo(izl“x

Therefore the integral P vanishes.

), with a congtant = >1.

6.6. We next turn our attention to @, defined in sec.6.4. We of
course expect a saddle point on the real axis between n and n+1,
close to n+1. If we replace, in the integrand, TT(n+z) by its Stir-
ling approximation, such a saddle point turns out to exist, but only
if O«<s <1, Moreover, the singularity of n+1 can be shown to lie
within the range of thls saddle point. Therefore the ordinary saddle
point enalysis does not apply 1n the case of our integral for Q.

For a first orientation, we remark that the only factor depend-
ing "heavily" on n is, apart form the trivial multiplier 3(2n)!}s,
the factor TT(z+n). By a well-known formula (actually a consequence
of the Stirling formula) we have, TT(z+n)~ TT(n).n? (z fixed, n-—co).
Therefore it seems to be sensible to pull the integration path to
the right; as far as possible. We can of course not pull it over
the branch point at z=n+1.

We shall now deform the integration path of the integral Q by
making a path following the resl axis from o to n+1, taking the
values of the multi-valued functions which correspond to theilr
values in the lower half-plane, and back from n+1 toos with the
values from the upper half-plane. This path has to be provided with
small semi-circles around n+2, n+3,... and with a full circle
around n+1 in the well-known fashion, in order to circumvent the
singularities, but, as commonly happens in such cases, these circles
can be removed by making their radli tend to zero. Furthermore it
should be remarked that the integral was not defined origlnally as
an integral from co toow , but as the limit of an integral QN lead-
ing from N+% to N+, where N runs through the integers, However,
1t 13 easily shown that this is no essentlal restriction,



The factor { TT(n—z)}"S seems to be awkward. We can replace it
by (TT(z-n-1))° 7w %(sin17(z-n))®, using the functional equation
TT(w)TT(-w)=w/sin 7w. By this procedure, the singularities are
shifted from the non-elementary function T1 to the elementary
function sin, where they are easier to handle. So for {1 we write

] =(_1)n17‘5(21)”1((2n):)S{TT(z—n—ﬂ)/TT(z+n)}s(sin‘W(z—n))s'q.

The TT-factor here is single-valued in the half-plane Re z >n, and
positive if z is real, z >n. The behaviour of-{sinw(z—n)}s'1 is also
. easy to describe. It is positive if n< z <n+1. Its argument increases
with 77(s-1) if we pass the branch point n+k(k=1,2,3,...) by a semi-
circle in the lower half-plane from n+k-< to n+k+d , and for the
similar thing in the upper half-plane we find - T(s-1). So we obtailn,
writing z=n+x, 00
(6.6.1) Q=(—1)n+1-w's fi(Qn)1TT(X—1)/TT(X+2n)}S.lsin nx (571,
L sin&ﬁ(s—ﬂ)[x}}dx.

(Here [x] denotes the largest integer < x). A first consequence 1is
that Q=0 if s 1is an integer = 0, for then sin(m(s-1){x] ) vanishes
identically.

It will turn out that the main contribution to the integral is
given by values of x close to 1. In the interval 1< x <2, say, we
can use the formula

(6.6.2)  (2n)!/TT(x+2n) = (2n)°% {wo(n‘“) ¥

where the constant implied in the O-symbol does not depend on x,
(This uniformity in x is lost if we take the interval 1< X < oo ).
Formula (6.6.2) is a well-known consequence of the Stirling formula.
Therefore we obtain, with the integrand of (6.6.1),

2 2 |
'A = sin17(s-1).»£.(2n)—xs %TT(X—W)}S'Sin'WX‘S_1{1+O(ﬂ‘1)}dX.
This integral is of the type of those discussed in sec.4.3, log ©2n
playing the r8le of the parameter t occurring in that section.
Wrlting x=1+y, and comparing the integral with

Rav)
// e”y 8 log 2n ys-1 dy = F(s) (s log 2n)—s,
0
we easlly obtain that

5 N
(6.6.3) /f = =1 M"(s) (2ns log 2n)~% {;sih'w(s~1)+o((log n)‘q)} .
1

Instead of the term O((log n)”q) we can get an asymptotic series in
terms of powers (log n)‘k (k=1,2,3,...).
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The remaining integral / requires some careful attention as
(6.6.2) does not hold unifcrﬁly with respect to x. On the other hand
a rough estimate will do: we shall show that it is 0(n"°%), so that
it amply vanishes into the O-term of (6.6.3).
“1. We shall show that there exists a
constant C1 (depending neither on x nor on n), such that

(6.6.4) W?(x+2ny/i(2n)l T(z-1) | >¢, 2, (x32, nsK).

The left hand side can be written as

Let K be an integer >8

(1 (1B (),

and this is
) an en
K, Y1 - I -1

> X0 (K-1) 1 e (1enT ) s ot T [ _q (#2077,

-1 K- -1 -
with C, =(K-1)! 771" (1+2h™ "), The product ! ?1 can be compared to

he=1

TT(1+2n~ 14n™%)

o 20 ' _en -
L I L I e NGl

The latter product being convergent, we have proved (6.6.4), with
¢ =&C Y} 1 (h+1)~ 5. We can now glve a satlsfactory upper bound

> ' A I A

for‘/' (with the integrand of (6.6.1)x | [ |«n 'f C,
2 2 2

and as the integral on the right is convergent (as K >s'1), and in-

dependent of n, we have
e _2L

8-

sin x|

sx—Kﬁl ax,

(,;

| <Cqyn (C, independent of n).
‘Véaj 3 3

Comparing this to (6.6.3) we observe that n"%% can be absorbed into

the O-term n~°(s log n)™® 0((log n)'q). Therefore, our final result
for Q (cf.(6.6.1)) is (s>0).

(6.6.5) a=(-1)" o "(s) (2ns log En)"s{ sin ms + 0((log n)'1)} .

©.7. We have thus, for all real values of s, obtained the asymptotic
behaviour of S(s,n). If s <0, we have (6.4.3); if 8=0 we have S(O,n)=
=(-1)"; if O<s <1 we use S=2Q-2P (see (6.4.6)), with P=0; if s=1 we
have S(1,n)=0 ;if 1<s <3/2 P 1s much smaller than Q as 2 cos(m/28)<1
in that case, (c¢f.(6.5.6) and (6.6.5)); 1if s >3/2 P is much larger
than @ (if s=3/2 P and Q are almost of the same order, although Q is
still the smaller of the two). We give a 1list of the results:

8 <01 S(s,n) =2.(-1)" + o(n®). s=0: S(0,n)=(-1)".

0<s<3/2: S(s,n) = 2(-1)". » 1 P(s)(ans log(En))'s{sin ﬂB+O«103!1Y42b
8=1: S(1,n)=0 |
s 23/2: 38(s ,n) = p2-8 {2 cos(w/?s)}2ns+s’qbfn)%(1"8)87%{1+0(n'1)}.
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In the cases 8 <0, and 8 >3/2 the O-term can be replaced by an asymp-
totic series in terms of powers of n‘ﬂ; the same thing can be done if
0 <8 <3/2, but then in terms of powers of (log n)’q. If 8=3/2 the
asymptotic series 1s more complicated, as both P and Q give their

contributions:
L c : . - A
s(3/2,n) m¢&§%}ﬂf'{n'q/“+cqn')/u+cen'3/2(10@ n)'5/2+03n'3/2(10grﬁﬁﬁi..

the terms of the development of P are, from the third term onwards,
negligible compared to the development of Q,

6.8. A modified Gamma function. We shall discuss an example where the
problem of finding a suitable integration path is quite difficult.
This difficulty is mairly caused by the circumstance that the resl
variable t, which occurred thus far in our saddle point problems, is
replaced by a complex variable s, and we want to ascertain the
asymptotical behaviour of the integral for all complex values of s,
when [s|-—es. The integration path will therefore depend both on s
and on arg s, and it is the dependence on arg s which gives the major
trouble, We shall meet these difficulties by application of conformal
mappling.

The function to be considered is defined by

panel _—
(6.8.1) 6(s) = [ e Py gy,
0
if Re s> 0, where P(u) is a polynomial
P(u) = TR i =

N-1 1 0

The degree N is a fixed positive integer, and the coefficients
‘iN_q,...,ab are fixed complex numbers. In the special case that
Myoq=+++=%=0 the function G(s) becomes N'ql”(s/N), and therefore
the complex Stirling formula (cf.(6.4.5))will form a special case.
Thils special case can, of course, be derived much eesier than the
formula for G(s). For example, with the gamma function it is sufficient
to discuss the half-plane Re s >0, because of the functional equation
" (z)=1(1-2)= m/sin(rz). Moreover, it can be done by other methods as
well, e;g. by application of the Euler-Maclaurin technique to the
infinite product for [ (z).

As in the case of the I"nintegral, it 1s easily seen that the
integral (6.8.1) converges only if Re s >0. But it is not difficult
to show that G(s) can be continued analytically over the whole plane
cveept for single poles at the points s8=0,-1,-2,... (however, for
exceptional sets of coefficients ~¢, some of these points can be
regular points of the function)., The possibility of this continuation
is a well-known consequence of the fact that e"P(u) is analytic at

G
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u=0., The argumcnt is as follows, If k is any integer » 0, we have

-P(u) 2 Kk
e = a +8, uta u+.. . +a U +R{u),

R(u) = o(u®t!) (1ut < 1),
and therefore 4
NS - e - e-'”k -
G(s) = { e P(u) w1 qu +~/¢ R(u)u® Tau *'Eégmc aj(s+3) 1
1 0 (Re 8 »0).

The first integral is analytic for all complex values of s, and the
second one is analytic in the half-plane Re 8 > -k-1. This shows the
analytic continuation of G(s) throughout that half-plane, and, as k
1s arbiltrary, it s0lves the problem for the whole plane.

A second method for establishing the analytic continuation
depends on the functional equation

s G(s) = NG(s+N) + N-1 o G(s+N=1)+...+ o, G(s+1),

N-1 1

which is, if Re 8 >0, easily derived from (6.8.1) by partial inte-
gration.
A third method is closcly connected to our way of attacking the
asymptotic problem, and we shall postpone it for a moment (sce (6.8.8)).
Firgt we want to get rid of the multi-valued function us—ﬂ in the
integrand., Performing the substitution u=ez, we obtain

-DD

(6.8.2) 6(s) = | z:xp{—?(ez) ; sz}dz (Re s >0).

Ve TN

The integral converges if Re s >0, but if we alter the integration
path, 1t can be used for other parts of the s-plane as well. We choose
some small positive number f , and we define the path q;
of two half lines

(1) the half line described by z=1xe1dﬁ, oo> X 3 0.

(ii) the positive real axis z=x, DX <oo,

, consisting

It 1s not difficult to show that the integral along Qf 1s equal to G(s)
if Re s >0, Im 8 30, and that the integral 1s an analytic function of
S 1in the half-plane defined by - J<carg s < n-dJ . As & is arbitrary,
this furnishes the analytic continuation over the whole upper half-
plane, but it does not give the behaviour of G(s) on the negative real
axis.

The asymptotic behaviour of the integral along q{ can be tackled
by saddle point analysis, The saddle points are the solutions of

(6.8.3) e? Pr(e®) = s .
If |sl is large, the solutions of (6.8.3) are easily localised.

We write BulS'eiQ, with %77 < G{%Jr. Now in every horizontal strip
Sk(kxO,iﬂ,iﬁ,...), defined by



(6.8.4) SHE | Im z - (& + 2k )/N | <« w/N
there lies just one root of (6.8.3), close to z=2,, where
z, = N [ log(isi/m) +61 + 2kwi} ,

This we observe on replacing eZP'(eZ) by its first term, viz. NeNZ,

ard applying the Rouché theorem (sce sec.2.4) to the strip just
mentioned, with the functiocns e®P'(e”)-s and NeN?_s. The difference
Nz—sl for all

velues of z on the boundary, provided that js!| is sufficilently large.

between the two is, in absolute value, smaller than | Ne

(In order to have a bounded domain it is necessary, of course, to

Nz—s hasg

approximate the strip by a long horizontal rectangle). As Ne
Just one root, viz.zk, in the k-th strip, the same holds for
eZP'(eZ)—s, by virtue of the Rouché theorem.

Morecover, if |s! is large enough, the roots of (6.8.3) can be expanded
into powers of s"q/N

-1/N -2/N

+ C S

1o T e

(6.8.5) (ke = %k ¥ Cpq 8

where U, denotes the root in the k-th strip. The series ip (6.8.5)
converges absolutely for all large values of |s! . We do not go into
details of the proof of (6.8.5), and refer to a similar case in sec.2
(see (2.4.7)).

Our integration path qf leads to +eo through the strip SO .
We have to move the path such that it leads over the saddle point i%.
However, we cannot keep the path entirely inside the strip SO; as Qj

starts at ier’

.00, 1t hag to cross the strips 81,82,... . And, it has
to be feared that (in order to avoid values of the integrand greater
than its value at §b) the crossings have to be made quite close to
the saddle points fq,gé,Sé,... . Actually this makes our problem
awkward to deal with. It could easily be done 1f the probluem were
restricted to the case that is| tends to infinity with arg s fixed,
or with arg s restricted to some small interval, Under such circum-
stances the problem would bz of the type of the one in sec.6.2, where
the infinite collection of saddle points did not cause mucn trouble.
Even so a certain amount of non-elegant calculatilons would be involved,
And, as we are interested in the whole upper half-plane, we would have
to divide it into some smaller sectors, and in cach sector the cal-
culations would be differvent.
Fortunately therce 1s a much simpler way out, in virtue of the fact
that the exponents in P(ez)=eNZ+o%e(N"1)Z+,.. are integers, which im-
plies that P(ez) is periodic mod 27i. We¢ shall first define new paths
L (k=0,+1,+2,...).

L, consists of three parts: (i) The half-line z=2kri/N+x
(0 >x 20), (ii) The segment z=ix (2km/N<exs< 2(k+1)w/N, (iii) The half-



line z=(2k+2)n/N+x (0<% <o),
Let the function Gk( s) be defined by

(6.8.6) eXp{ +sz1 dz.

G, (s) =

Obviously, Gk(s) is analytic for all s. And, as Lk+N is obtained from

Lk by shifting it in vertical direction over a distance 217, we have

(6.8.7) Gy uy(5) = ™7 g (s) (k=0,+1,+2,...).

The function G(s) can be expressced in terms of Gosewnsly_q- AssUme,
for a moment, that Re s >0, so that G(s) is represented by (6.8.2).
Obviously we have

2mifoo e
f _2nig |
J R

2rni-oo oo

in analogy to (6.8.7). Furthermore, it can be shown that

2“i+'\" Ve
| —~/K =Gy + G4+ o0 + Gy g s
2171 —co -2
shifting the paths LO,...,Lqu indefinitely to the left, Therefore, if
Re s >0,
_ _2mis -1 1
(6.8.8) G(s) = -(1-¢ ) LGO(S)+...+GN“1(S) (-

~

The right-hand side is analytic for all s, except for possible
poles at s=0, +1,+2,... . But, of course, we know that G is regular
at 8=1,2,3,... . So the possibility of analytic continuation has been
proved for the third time.

It will turn out that the asymptotic bechaviour of Go""’GN-1
be satisfactorily described in the sector J <arg s <2m-d¢ . So by

can

(6.8.8) we get a satisfactory result for G(s), except for those s which
are close to the positive real axis. It 1s, however, guite easy to

solve the asymptotic problem for s in a small sector, around the
positive real axis, |arg s| < v/8, say, directly from (6.8.2) by saddle-
point analysis, and wc shall not devote much attention to it.

6.9. The entire function Go(s). For the time being, we shall consider
G,(s) only. We shall assumc that o'« arg s c2ﬂ'—cf, with some positive
number J . Then the saddle point {_ of exp(-P(e “Y+sz) lies inside the
path L if Is| is large, for j; is closc to z, (see (6.8.5)), and
zO=N"1{10g()s}/N)+91:}, where @ = arg s.

In order to find our way in the darkness, we first take the special

case thatcxN“1=...= 0H=O, whencece Ko coincides with z,- In that special
case we write G; instead of G-
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By the substitution z=z +W, the saddle point is shifted to the
origin. The path is also shifted; it becomes (Lol—zo), by which we
denote the path described by Z-2 5 if z describes the path Lo‘ It
follows from Cauchy's theorem that a horizontal shift of the path
(LO,—ZD) has no influcnce upon the value of the integral, and there-
fore we may replace it by (LO\—iS). This path passes through the
saddle point w=0.

The integrand becomes
exp(—éNz+sz) = eXp(S(ZO—N—q)).eXp {-sN'q(er—Nw-ﬂ)} s
where the splitting has becen made so as to make the second factor of
the form exp(—%sN(w2+...)), for small values of w. Now Gg(s) becomes

(6.9.1) G&(s)=exp(s(z ~N'q)) exp j—SN'q(eNW—Nw—ﬂ)l dw,
© © (L i-18) b :
At this point we apply a conformal mapping in order to get a
N

clear idea about the bchaviour of e " -Nw-1. We consider this function
in the strip |Im w]< 27/N. The path (L l-1i¢) lies, for all ¢ satis-
fying J <@ < 2v-d , inside this strip. |

Needless to say, eNW-Nw-1 cannot give a conformal mapping of
any region containing w=0, the function having a double zero there,

1
(er—Nw-ﬂ)}Z, where in a

Instead, we consider the function ;(w)= {2
neighbourhood of w=0 the sign of the square root has been chosen such
that ?(w):Nw+... . By analysing what happens to } if w runs through
the boundary of a long horizontal rectangle |Im w| < 2w/N, |Re wl < M,
and making M—= ¢ , we find that the strip 1s mapped one-to-one onto
a set S which is obtained from the complete }-plane by deleting two

hyperbolic arcs. These arcs can be described by

(Re ;) . (Im }) = 2T, Re ¥ <-|Im % |,

We want to have ; ag a new integration varlable, and therefore
we have to investigate dw/fd ?. Needless to say, this is an analytic
function of ? throughout the set S. As ;2=2(eNW—Nw—1), we have
§a§= N(eNY_1)aw.

N

W . .
Now e -1 1s, as far as our strip is concerned, close to O only

if w is close to either 0, or 2mi/N, or -27i/N. Therefore we have
(6.9.2) aw/d§=o(})  (larefl=<g , §1~3).

It is not difficult to show that dw/d; is even 0(5-1

yet 0(%) is sufficient for our purpose.
Our integral becomes .
* -1 : -1.2 dw
(6.9.3)  @)(s) = exp(s(z_-N ))/C exp(-ksn 55 7 - ay,
and the next problem is what C is. Analysing the image of (Lotuie)

) in this region,
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unggr the conformal mappingbw?_find that C is a curve starting at
ve’zle,ao and tending to éWlﬂgle.oo, avoiding the hyperbolic arcs,
We have, however, considerable freedom in modifying this path. Along
the line through the origin, with arguments -8 and m-3© (a
straight line through the origin has two arguments!) the expression
%‘SN—/IBQ
placed by other lines, whose arguments differ from -36 and ©-38
by less than 7/4, for then the real part of é—sN"].2 is still larger

than a constant positive multiple of 1512, so that, by virtue of

is positive, It is easily seen that this line may be re-

(6.9.2), the convergence 1s guaranteed. Naturally, in the finite
part of the plane a deviation from the straight line may be necessary
in order to avoild the hyperbolic arcs.

All such lines are, at the same time, satisfactory from the
point of view of the saddle-point method: on these lines the absolute
value of exp(-%sN‘qﬁg) is maximal at the saddle point ;:0. However,
for this purpose, deviations from the straight line, as mentioned
above, cannot always be tolerated., In other words, we can only admit
straight lines from -e>7.oo to +ei7”«o, where W/4< v <3n/4. This
is no objection: as > -(m-36) is allowed to lie between - /4 and

m/%, we can find a satisfactory value for 7 to any © in the inter-
val J <@ < 2n-d , Actually we could take W}:(BW—G)/4.

It i1s, however, preferable to have a fixed integration path,
not depending on 7 . This can only be achieved under restriction of
€ , and therefore we shall consider two different values of WK

(1) W =(3m-J) /4. This can be used as long as 3d <0 <mzd.

(i1) 7= (w+J) /4. Car be used if w-3d < @ <2w -1d,

It will turn out that, for reasons of symmetry, we can restrict
ourselves to ¢ < @ <m+d/4, So we replace, in (6.9.3%, the path C by

the straight line through the origin, from -e>(37-¢)/4
.{,.ei(sﬂ-'"c{)/l+

.o to
. This path will be denoted by D. Along D we have

Iexp(-%sN'1§2); < exp {—%Is}.qu.‘?lz. sin(dVM)}

Now the stage has been set for application of the method of sec.4.4,
The value of dw/d ? at }:O equals N (for, }:Nw+,..).
Furthermore, dw/d? is an analytic function of } along the line D,
and dw/d? =O(§) if t(§j>3.

The integral can be compared with the formula

Lan~1e2y4 % VB
exp(-5sN ? )d! =-(2mN)2572,
1 D 1 1
where s™2 1s to be interpreted as |sl 2e 2% 4o finally we obtain

(6.9.5) Gg(s) = -exo(s(z,-N")) (emi)2an"T {140(s™h) ],

and the O-term can be replaced by an asymptotic series cqs'1+czs“2+.

s ®
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It should be noted that (6.9.4) holds uniformly in the region |s| >1,
S < arg 8 < w4+ /b,

Formula (6.9.4) 1s not new, of course. We have (cf.(6.8.8);
notice that G (s) = e K3/N 67(5)), 6 (s)=-N""(1- (28 /Ny gy
and therefore, if we replace v/w by w, (6 9.4) reduces to

D(w) = (2mF (1627071 (08)108 W4 400, ) Y (i arg wemr),

and this is an easy consequence of the Stirling formula (log w 1is
given the value with < <Im log w « v+ J/4), It was not, however, our
purpose to deduce well-known results on the gamma function for which
easier methods exist, but rather to develop a technique for G:(s)
which can be modified to a techrique for G (s).

As a preparation to the problem of the asymptotical behaviour of

Go(z) we shall first %ngestigate the following integral
g(x
(6.9.5) f{t,w) = f exp(—txe-t Q(x,w)) dx.
-g(x)
Here g(x) is a fixed positive number, Q(x,w) is a double power series
in x and w:

N

D
Qx,w) = ;{ﬂ ?ﬁ- Cim x" o™,
n=0 m=1

absolutely convergent if [x] <2p and jwl<b, where b is a fixed
positive number. The function g(x) 1s assumed to be analytic in the
circle {x! <2p, and it is assumed that g(o)#0 We want to determine
the behaviour of f(t,w) when twl is small and |t] 1is large, where t
is restricted to a sector larg t|<im-d .

Searching for saddle points, we Iinvestigate the equation

(6-9-6) -2tx - t Q'(K,(A)) = O,

the dash indicating differentiation with respect to x. By the Rouché
theorem (see sec.2.4), this equation has exactly one solution x
inside the circle x| < p 1if |w| is sufficiently small. For then we
have |Q(x,w)| < 2ix| on the boundary of that circle, whence 2x+Q'(X,w)
has as many roots in the interior as 2x itself., Furthermore, X, can be

written as a sum of a power series:

-
d wk,

XO = J"‘k:‘—"”l K

convergent 1f |wi is sufficiently small.

The straight line from -p to +p is a satisfactory path for app1y~
ing the saddle point method to the simplified integral f’cxp -tx )dx.
This path makes an angle < E -¢ with the axis of the saddle point in
the origin., In the modified integral (6.9.5) the saddle point x, is
close to the original saddle point, and also the direction of its axis
does not differ much from the original axis. So if (w! is small enough,
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the horizontal path through X, makes an angle < %TT~ %cf with the new
axils, and therefore it can be used, anyway in a neighbourhood of the
saddle point. These remarks are, of course, only given as an orient-
ation; the work remains to be done.

Wz replace (6.9.5) by

(o) [ e [T

-P 'p+XO p+XO

where the integration is along straight line segments in all three

cases. The first and the last term in (6.9.7) are easily seen to be

exponentially small in comparison to the value of exp(—txg-tQ) at the

saddle point, and therefore they can be neglected. In the middle term
f (6.9.7) we carry out the substitution x=%x_+y. Then the Integral

becomes
P

(6.9.8) f(t,w)=exp(—txgvm(xo,w)) / g(x,+y) eXD(—tyz—th(yw))dy,
-P
where Q,(y,w) = Q(Xo+y;u)_Q(xO,u0-y Q' (x_,») is again a double power
series - nom
Q,(y,w) = o r{?‘ FYom ¥ ¢ s

convergent if [y| <3p/2 and lwl| sufficiently small (if w is small
enough, this condition on y implies that }y+xo}<.2p).

We can now proceed along various methods. For example, we can
expand exp(-t Q (y,uﬁ) in terms of powers of y. Another method is to
apply conformal transformation again, putting y +Q(y, w)= 2°. Thea z
can be solved as a double power series in y and w , and we get an
integral 2)

/‘QB(zsuQ exp(-tz)dz.

Omitting the details, which are all implied in the usual saddle point
routine, we state the result:

(6.9.9)  £(t,w) = (MFTHHR"(xy,0) ”

oj-

(£ v0(t ™ o -tx2 -0 (x]
't

uniformly in the region larg t| < %w-d , P>, |w |&b1 (for some
fixed positive number bq). The term O(t“q) can be replaced by an
asymptotic series with terms fk(uﬂt‘k, where the fkbn) are power series
in terms of powers of w , convergent if |w| <b1. It should be remarked
that also g(xo) and Q”(xo,uﬁ are convergent power series in terms of
powers of w ,

In order to apply the result about f(t,w) to G, it is easler to
express the main result about (6.9.5) in words: If w 1is small enough,
there is just one saddle point near x=0, and the contribution of this
saddle point gives an asymptotic series for £(t,w).

In the integral (6.8.6) for Go(s), we carry out the same sub-
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stitutions as we did in the case of G (s) That 1s, Z=2Z +W, where
Nzomlmg(isi/N)+18 , ©=arg 8, 2(e Nw Nw 1)= }2, and we discuss the
integral in the ‘fnplane:

(6.9.10) G (s) = exg(s(zoww""))/' exp{-kaN" 1% + (eNz-p(ez))}gﬂ ay.
: D l { .

D is the straight line through the origin, from -ei(Bﬁ“J)/u.ms to
1(3W .oo. We shall agailn restrict © by ¢ < @ .wt /4,
We first investigate the term e 2-P(e”), which embodies the

deviation of Go from GJ . It is equal to
NZO+N =7 oW -220~2w }

(6.9.11) e ~oq € ~-p ©

It is not difficult to show from the properties of the conformal
mapping that Re w tends to + oo if i}!tunds to infinity, provided that
} runs along D, It casily follows, for any positive number p, that

e 'O(QE/N)(} on D,i}? > p). Therefore
ieNZ~ P(ez)5501§5 ;Qﬁ(N‘“)/N ( ?on D, 1yl >p, §s§>c2),

where the c's are sultable positive numbers independent of s and } .
It follows that, if p 13 any positive number, we can restrict the
integration in (6.9.10) to a segment of D with length 2p, symmetric
with respect to the origin., For, the further parts of D are casily
seen to give a contribution which is exponentially negligible if
| S| —>aon,

To the remaining part of D, with length 2p, we apply the result
about (6.9.5). We have, of course, to turn the integration pathi over

an angle - (3n-d )/4, by the substitution }-:xel(Bw'd)/q, and to put
5=o"1(3™-U)/2¢ (0 that t is restricted by the condition

[ ]
~ﬂ/;+d/2<.arg t < 1/2-d/b, and s%° becomes tx“, Furthermore, we have,

/
in some circle i}ic?p,
Mop(e?) = ws a(y,w,

where (cf.(6.9. 11))“)-““1/N, and 0 is a double power series with
Q(},9)=O« (For w=N" }+ ..ard 27V L., o= (N-1)W 5 e convergew» power
series in powers of §j for small values of §, and e oy 1N v). It
follows that for Go(s) we have an asymptotic series, which is entirely
given by the contribution of the saddle point. The series equals a
certain function multiplied by an asymptotic series co(m9+c1(uﬂs'q+...
and the c(w)'s are convergent series in powers of w =g N. Therefore,
the series c¢_(w)+... can be rewritten as an asymptotic series of the
form Couteys” /N+c2a“2/N+ .

We do not evaluate explicltly the contribution of the saddle
point in the integral in the 5~planu, as 1t is easier to do it in the

original z-plane (:ee (6.8.6), with the saddle point ;5, given by
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(6.8.5)). It is not difficult to sce that the contribution of the
saddle point 18 not affected by thc substitutions relating z to
and } to x. So our final result is (cf.sec.4.4) an asymptotic series

(6.9.12) G (s)~ - exp {—P(wXO)Jrs‘;O e/ ()RS e 8T,
0

where ¢ =1, and ¥ (z) 1s the function -P(e®)+sz. There is of course
the difficulty to detcermine the sign of the contribution, but this
sign 1s easily derived from the sign in (6.9.4), by a continuity
argument, We have

’:} bl - -
=¥ "(SO) N N“Jr(N—’!)“m P PO {1+318 1/N+ags 2/N+u.}

so that {6.9.12) can be slightly simplified, introducing new coeffi-
clemts d, (with d=1):

(6.9.13) G (s) ~ - exp {—P(eso) + 8 &)}. (En'/Ns)%j?~ dks°k/N,

N-1

O o
and the formula has been proved if J<arg s< w+ J/4, |sl-—seo. The
argument of g3 is understood to lile between 3¢ and v + /8, Formula
(6.9.13) obviously generalizes (6.9.4).

6.10. Conclusions about G(s). In order to deal with G(s), we need,
according to (6.8.8), the asymptotical behaviour of GualasennsGy_ 4o
The problem about Gk (k=1,...,N-1) 1s casily reduced to the problem
for G, . It follows from (6.8.0) that

(6.10.1) G, (s) = exp (Qﬂiksm)( bei _p(e 2nik/N

Lo
and this integral equals the function G (s), constructed for the

polynomial P(e 2nik/N u) instead of P(u ). The leading term of the new
polynomial is again uN.
Replacing P(u) by P(e can have an influence upon the

situation of the saddle po}nt; the difference of the two saddle points
-1/N

z)+sz} dz,

Ef’fik/N)

can be of the order of s . And, as in (6.10.1) therc occurs,a term
sgg in the exponent, the influence upon the asymptotical behaviour
can be considerable.

It 1s quite easy to state a simpler but weaker result;
(6.10.2) G, (s) = c2riks/N (g"/NS)% exXp {_ % + § log % . O(S(N‘W)/N)} ,

wherc ¢ <arg s < w+ /4, From this we infer that G, (k>0) 1s
negligible compared to G, as soon as the factor exp(2viks/N) beats the
exp {O(s( )/N)?. This 1s certainly the case if s 1s restricted to

J <arg s <« m-d. And, under that assumption, the factor (1- eﬁwis) -1
in (6.8.8) can be replaccd by 1. The relative errors made this way

are of the type O(e_cis!) with some positive c¢. So summarizing, we
have, from (6.9.13)
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(6.10.3)  0(s)~(2n/is)® exp(-p(c0)4s ) ) Sa, oK (a_a1)

in the sector J<arg s < w-dJ,

For the sector -m+J<arg s < we can obtain the same result,
provided that fg indicates the saddle pﬂmtchxwa1x>N“1log(s/N), whe re
the log has its principal value. In a sector like -2dJ < arg s 2.7 1t
is quite easy to obtain (6.10.3) again, by direct application of the
saddle polnt method to the integral (6.8.2). In that case we can take
the horizontal line through the saddle point as the integration path.

So (6.10.3) has been proved in the scctor -T+d < arg 8 « = .
In the special casc that P(u)meNu, it reduces to the Stirling formula,
which 1s known to hold in the same sector.

We finally state a rough inequality which 1s easily deduced from
(6.10.2) and (6.8.8). If we delete from the complex plane the half
3trip described by IIm s! <1, Re 8 <1, then in the remaining region
we have

o (N=D/Ny

| < G, exp (023



